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I review to which extent the properties of pseudoscalar mesons can be understood in 
+a ■ terms of the underlying quark (and eventually gluon) structure. Special emphasis is 

put on the progress in our understanding of n-rj mixing. Process-independent mixing 
' parameters are defined, and relations between different bases and conventions are studied. 

Both, the low-energy description in the framework of chiral perturbation theory and the 
OO high-energy application in terms of light-cone wave functions for partonic Fock states, 

£N) , are considered. A thorough discussion of theoretical and phenomenological consequences 

of the mixing approach will be given. Finally, I will discuss mixing with other states 
(N ' (tt , r? c , ...)• 

> : 

^ — 1 . 1. Introduction 

OV 

■^j- ■ The fundamental degrees of freedom in strong interactions of hadronic matter are 

quarks and gluons, and their behavior is controlled by Quantum Chromodynamics 
' (QCD). However, due to the confinement mechanism in QCD, in experiments the 

■ only observables are hadrons which appear as complex bound systems of quarks 

and gluons. A rigorous analytical solution of how to relate quarks and gluons in 
QCD to the hadronic world is still missing. We have therefore developed effective 
1^ , descriptions that allow us to derive non-trivial statements about hadronic processes 

I from QCD and vice versa. It should be obvious that the notion of quark or gluon 

*I3 ' structure may depend on the physical context. Therefore one aim is to find process- 

, independent concepts which allow a comparison of different approaches. 

The simplest example, which essentially reflects our intuitive picture of hadrons, 
is to assign a particular quark content to each hadron Js&y, proton~ uud). It 
enables us to classify the hadrons in the particle data bookd according to their flavor 
quantum numbers. This concept is the basis of the numerous versions of constituent 
quark models which are used as an effective low-energy approximation to QCD. 
These models are sufficient to obtain a reasonable explanation of global features like 
the mass hierarchy in the hadronic spectrum, relations among scattering amplitudes 
and decay widths etc. 

A more elaborated approach to the low-energy sector of hadronic physics is 
based on the symmetry properties of QCD. The (approximate) chiral symmetry of 
light quarks plays a special role. It appears to be spontaneously broken, and the 
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light pseudoscalar mesons can be identified as (almost) Goldstone bosons. These 
properties can be used for a systematic construction of an effective theory, chiral 
perturbation theory (%PT)p where the non-perturbative information is encoded 
in the coefficients of operators in an effective Lagrangian. By comparison with 
experimental data for hadronic low-energy reactions one extracts the values of these 
coefficients which provide a well-defined measure of the hadronic structure. 

At higher energies one resolves the partonic degrees of freedom inside the hadron. 
The structure functions, measured in deep inelastic scattering experiments, can be 
successfully described in terms of momentum distributions of valence-, sea-quarks 
and gluons. These parton distributions are process-independent. They describe 
the probability to find a certain parton with a specific momentum fraction inside 
the hadron. They depend on the resolution-scale, but this dependence is controlled 
solely in terms of perturbative QCD. The enormous amount of data for nucleon 
structure functions over a wide range of energy and momentum transfer simultane- 
ously allowsus to extract the parton distributions and to test QCD to a rather high 
accuracy.cruu From inclusive pion-nucleon scattering, taking the nucleon structure 
functions as input, one may also extract the distributions of quarks and gluons 
in the pion, but with much poorer accuracy.0 For all other hadrons experimental 
results of similar quality are not available. 

Furthermore, light hadrons provide a rich phenomenology of exclusive reactions 
with large momentum transfer, e.g. in decays of heavy particles or electroweak form 
factors. These reactions are expected to be dominated by a finite number of partic- 
ular parton Fock states of the hadrons being involved. The momentum distribution 
of the partons in each Fock state defines the so-called distribution amplitudes which 
behave in a similar way as thejaarton distributions in inclusive reactions, i.e. they 
evolve with the resolution scaleocm but are otherwise process- independent. By com- 
paring different exclusive reactions, one is again in the position to obtain important 
information on the hadron structure and to test our understanding of QCD at the 
same time. In principle, the parton distributions measured in inclusive reactions can 
be reconstructed from the light-cone wave functions (from which the distribution 
amplitudesare obtained by integration over transverse momenta) of each individual 
Fock state.H In practice, however, only a few Fock states are under control, and the 
connection to the parton distributions can only be exploited at large momentum 
fraction x (see e.g. Refs0B@). 

The main part of this review deals with a subject where already the simple 
question concerning the quark flavor decomposition turns out to be rather non- 
trivial, namely for pseudoscalar mesons 71 ,T),r)' . . . with vanishing isospin, strange- 
ness etc. In these cases the strong interaction induces transitions between quarks 
of different flavors (uu, dd, ss) or gluons (gg . . .). Both, in the constituent quark 
model at low energies and in the parton picture at high energies, the physical 
mesons appear as complicated mixtures of different quark- antiquark combinations. 
The mixing phenomenon is strongly connected with the U(1)a anomalyEj of QCD. 
I will show below how this fact can be used to define and to quantify reasonable and 
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process-independent mixing parameters. The investigation of mixing phenomena in 
the pseudoscalar meson sector has a long tradition. Of particular interest is the 77-77' 
system: Since the light pseudoscalar mesons approximately fall into multiplets of 
SU(3)f flavor symmetry, mainly disturbed by the mass of the strange quark, one 
conventionally regards 77 and 77' as linear combinations of octet and singlet basis 
states, parametrized by a mixing angle Op. A determination of its value should be 
achieved - in principle - from the diagonalization of suitably chosen mass matrices 
(motivated by e.g. xPT) or from phenomenology. 

Already in 1964 Schwing used mass formulas to estimate the mass of the 
77' (actually the original prediction, 1600 MeV, is 50% too high due to the neglect 
of some SU(3)f corrections!- An early estimate of the mixing angle has been 
given, for instance, by IsgurtJ (Bp ~ —10°). Kramer et al.ta as well as Fritzsch 
and JacksorJi3 have emphasized the importance of SU (3)F-breaking effects. Their 
ansatz for the mass matrix is formulated in the quark-flavor basis (uu, dd, etc.) and 
takes into account mixing with the r\ c state. Their mixing angle (corresponding to 
6p ~ — 11°) has also been tested against experimental data. In 1981 Diakonov and 
EidestU presented a quantitative analysis of anomalous Ward identities and quoted 
a value of 0p ~ —9°. In subsequent publicationsoEj, however, very different values 
for the mixing angles have been found: The incorporation of loop corrections in xPT 
to meson masses and decay constants and a comparison with phenomenological data 
for various decay modes seem to favor values of Op around —20°. Ball, Frere and 
TytgatEil concentrated on processes where the anomalous gluonic content of 77 and 77' , 
which can be related to the decay constants, is probed. They also prefer values for 
Op near to —20°. On the other hand a quark model calculation of Schechter et alB3 
more or less recovers the mixing scenario of Diakonov and Eides with Op ~ —13°. 
Finally, Bramon et alB3 considered only such processes where the light (to or dd) 
or strange (ss) component is probed and found a mixing angle Op ~ —15°. 

The situation concerning the actual value of Op thus seemed to be rather dissat- 
isfying with results ranging from —10° to —20°. However, it turned out during the 
last two years, that a big part of the discrepancies between different analyses can be 
solved by relaxing and correcting somcjjf the implicit assumptions made the rein 
Considerations of Leutwyler and Kaisercil as well as Kroll, Stech and myselfSEaO 
have shown that the definition of mixing parameters requires some care. In low- 
energy effective theories the decay constants relate the physical states with the 
(bare) octet/singlet fields. It turns out that this connection cannot be a simple 
rotation. Therefore, 77-7/ mixing cannot be adequately described by a single mixing 
angle Op. A new scheme, which can be strictly related to the effective Lagrangian 
of xPT, is formulated on the basis of a general parametrization of the octet and 
singlet decay constants of 77 and 77' mesons, respectively. This scheme can also be 
successfully applied to hard exclusive reactions with 77 or 77' mesons where one is 
sensitive to the light-cone wave functions 'at the origin', which are fixed by the 
decay constants, too. The main achievement of the new mixing scheme is that 
the properties of 77 and 77' mesons in different phenomenological situations and at 
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different energy scales can be described in a consistent way. 

The organization of this article is as follows: In the following section I will 
shortly recall some important properties of QCD under chiral symmetry transfor- 
mations and the consequences for the pseudoscalar meson spectrum, which includes 
a summary of the U(1)a problem and its possible solutions. Section 3, which is 
the main part of this review, includes a detailed discussion of 77-77' mixing: The 
chiral effective Lagrangian for the pseudoscalar nonet, including the 7/ meson, is 
presented, and its parameters are related to the octet/singlet decay constants of 77 
and 7/ mesons. In the quark-flavor basis, the consequent application of the Okubo- 
Zwcig-Iizuka rule (OZI-rulc) is shown to lead to a scheme with a single mixing 
angle <f>. Phcnomcnological estimates of mixing parameters from the literature are 
compared in both, the octet-singlet and quark-flavor basis. This is followed by a 
discussion of the two-photon decay widths and the VP7 coupling constants. The 777 
and 7/7 transition form factors are analyzed within the hard-scattering approach. 
For this purpose the light-cone wave functions of 77 and 77' mesons are introduced 
and compared to the pion one. For the latter also the connection to the parton 
distribution functions will be illuminated. Interesting relations among the mixing 
parameters are obtained by considering the matrix elements of pseudoscalar quark 
currents and of the topological charge density. I will further present improved ver- 
sions of various mass formulas for the 77-77' system. Finally, the consequences of 
the new mixing scheme for the pseudoscalar coupling constants of the nucleon are 
investigated. Section 4 is devoted to mixing with 7r° or r\ c mesons and includes a 
comment on mixing with glueballs or excited quarkonium states. A summary is 
presented in Section 5. 

2. Chiral symmetry of light quarks 

As a starting point let me recall some important global symmetries of the strong 
interactions and consider the QCD Lagrangian 

£qcd - ]T q i (ip-m i )q i -±tT[&"'G IJlv ]-0u; 

i—u,d,s,... 

+FP-ghost + gauge- fixing . (1) 

Here G» v = A v - d v A» - ig[A^,A 1 '] is the gluonic field strength tensor with 
A^ = A^\ a /2 denoting the color gauge fields. Furthermore, qi denotes quark fields 
of a specific flavor with mass m^, and ilp = i$ — g A' is the covariant in QCD. 
Faddeev-Popov ghosts and gauge-fixing terms will be unimportant for the further 
considerations. A summation over color indices is to be understood. I have also 
included the 0-tcrm which reflects the non-trivial features connected with the axial 
U(1)a anomaly to be discussed below. Here ui(x) is the topological charge density 
which can be written as the divergence of a gauge-variant current where 

K, = g- e uupa K (d P K + § f abc A{ A%) , 

a.b.c 
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uj = d ll K» = %-GG. (2) 

The term GG denotes the product of the gluon field strength and its dual, and 
f abc are the anti-symmetric structure constants of SU(3), [X a ,X b ] = 2i f abc A c . The 
different topological sectors of QCD are classified by the Pontryagin-lndex which is 
given by the topological charge 

J d A xuj{x) = J da^ K* 1 = n € Z . (3) 

It is well known that the pseudoscalar mesons n, K,rj built from the light flavors 
u, d, s play a special role in strong interaction physics. This is connected with the 
behavior of the light quark fields under global chiral transformations 

1-75 T 
9l = — g — q qL ' 

1R = 1 1 R 1R ■ ( 4 ) 

Here q = (u,d,s) T , and L G SU(3)l and R 6 SU(3)r denote unitary 3x3 
matrices acting on left- and right-handed projections of the light quark fields, 
L,R — exp[i ft X a ] , where A a are the usual Gell-Mann matrices (a — 1..8). 
Obviously, in the limit m u c i,s ~* the Lagrangian is invariant under chiral 
SU(3)l x SU(3)r transformations. The corresponding Noether currents, 

ja - A° 1+75 

J n r = i — in — — 1 > ( 5 ) 



V2 



are approximately conserved (a = 1 

.71 



ij 5 q . (to = diag[m„,m d ,TO s ]) (6) 

T 

The octet of vector currents = J?r + J^l m ^1- © reflects the (approximate) 
flavor symmetry, which is observed in the physical spectrum. On the other hand, 
the conservation laws related to the octet of axial- vector currents J° 5 = J^r~ JuL 
in Eq. (^) cannot be observed in the hadronic world. The chiral symmetry of the 
Lagrangian appears to be spontaneously broken, SU(3)l x SU(3)r — * SU(3)v, 
and 7r, K, r\ appear in a natural way as an octet of (almost) Goldstone particles 
which become massless in the limit m u ^d, s - > 0. This is the starting point for the 
systematic construction of an effective theory for the low-energy hadronic physics, 
see Section 3.1. 

2.1. U(1)a anomaly 

The QCD Lagrangian (Q) has two additional global symmetries: The U(l)v 
symmetry, q — > exp[iey]<7, corresponds to the conservation of baryon number. The 
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U(1)a symmetry, q — > exp[i €Al5]q gives rise neither to a conserved quantum num- 
ber nor to a ninth Goldstone boson in the mesonic spectrum: the 77' meson is too 
heavy to be identified as the Goldstone particle of a spontaneously broken U(1)a 
symmetry. The solution of this U(1)a puzzle is connected with the emergence of 
an anomaly contributing to the divergence of the singlet axial vector current, and 
Eq. (|J) is to be extended, 

WJfc = i l5 q + 5 aQ 2^u> . (o = 0...8) (7) 

My normalization convention is tr[A a A b ] = 2 5 ah for a = . . . 8, i.e. A = v/2/3 1. 
In Eq. (0) the topological charge density u> defined in Eq. (^) leads to a non- 
conservation of the axial- vector current in the flavor-singlet sector even in the limit 
771 — > 0. 

Anomalies in quantum theories have beenstudied in several ways, following 
the pioneering work of Adler, Bell and JackiwJI3 In perturbation theory the U(1)a 
anomaly arises when calculating the quark triangle diagram with the axial-vector 
current and two gauge fields since it turns out to be impossible to define a regulariza- 
tion prescription which preserves both, gauge invariance and chiral invariance. (In 
QCD there are no gauge fields coupled to the axial-vector current; thus the anomaly 
causes no theoretical inconsistencies here.) An elegant derivation of Eq. (Q) can be 
found in the article of Fujikawa. c3 The anomalous term stems from a non-trivial 
Jacobian which is related to the transformation of the path integral measure of the 
fcrmion fields 

-> exp[ie j4 (a;)7 5 ] ®(x) , 
— * *&(x) exp[ie^(a;)75] 

=> X>§ -> X>* 2?* exp 

It is also interesting to see how the U(1)a anomaly arises in lattice-QCD. Here, 
the discretization of space-time on a four-dimensional lattice can be considered as 
a particular regularization scheme. The lattice action is constructed in such a way 
that it reproduces the Lagrangian (Q) with the lattice spacing approaching zero 
(continuum limit). It has been shown that the anomalous contribution to the Ward 
identity (jjj) is related to an irrelevant operator in the lattice action.Ea The operator 
itself naively vanishes in the continuum limit, but its contribution to the anomalous 
Ward identity does not. It has been shown that the correct continuum result (|?]) is 
reproduced for any choice of lattice action, as long as very general conditions are 
fulfilled.0 

Since the flavor-singlet axial- vector current is not conserved in the presence of the 
U(1)a anomaly the 77' mass does not have to vanish in the limit rh — > 0. However, 
in order to understand the experimentally observed mass splitting between octet 
and singlet pseudoscalar mesons, Eq. (Q) alone is not sufficient. In addition one 



2i dx 6a(x) lo(x) 



(8) 
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needs a non- vanishing matrix element of the topological charge density sandwiched 
between the rf state and the vacuum 

(OMr/) ^ 0. (9) 

Since w is a total divergence, see Eq. (||), the l.h.s. of Eq. (||) vanishes to any finite 
order in perturbation theory i.e. the U(1)a problem cannot be solved by simply 
considering quark-antiquark annihilation into (perturbative) gluons. The solution 
clearly lies in the non-perturbative sector of QCD and is inevitably connected to 
non-trivial topological features of the theory. Jt HooftEil suggested instantons as a 
possible solution to Eq. (||). Kogut/SusskindH have argued that the ninth Gold- 
stone field is prevented from being realized in the physical spectrum by the same 
mechanism that confines colored objects. An alternative approach has been initi- 
ated by WittenEil who proposed to consider QCD from the large- Nc perspective, 
where Nc is the number of colors. It turns out that in order to obtain a consis- 
tent picture for the ^-dependence of the pure Yang-Mills theory in the formal limit 
Nc — > oo, the T} 1 mass squared should behave as 0(1/N C ). VenezianoB has found 
a realization of Wittens general 1/Nc counting rules by introducing a ghost state 
into the theory (the notion of ghost states in this context has also been used by 
Kogut and Susskind; it is also close to Weinberg's approach&a that involves nega- 
tive metric Goldstone fields). The ghost corresponds to an unphysical massless pole 
in the correlation function (K^K") which generates a non-vanishing topological 
susceptibility (mean square winding number per unit volume) 

T =J d 4 x{0\T[cj(x)Lj(0)} |0) ^ 

«■ q^q v (K»K v ) q ^ £ (10) 

which is necessary to fulfill Eq. (||), see also Eq. (|l^) below. The ghost pole may 
be viewed as the result of an infinite number of Feynman graphs contributing to 
(K^K V ), but does not correspond to an obsepable glueball state, since the currents 
are gauge- variant. Diakonov and Eideal3 have discussed the phenomenologi- 
cal consequences of the Witten/Veneziano ansatz by considering the rj' meson as a 
mixture of the Veneziano ghost and a flavor singlet would-be Goldstone boson and 
investigating the anomalous Ward identies. They found that the gapless excitation 
given by the Veneziano ghost is a consequence of the periodicity of the QCD poten- 
tial w.r.t. a certain generalized coordinate which in the gauge A$ = can be chosen 
as 

X(t) = fd 3 xK (t,x) . (11) 

Under gauge transformations it transforms as X — > X+n, where n is the topological 
charge (^) of the transformation, while the potential remains unchanged. The quasi- 
momentum related to X is just the variable 9, see Eq. ([|), and the connection of 
the Veneziano ghost to non-trivial topology, as induced by e.g. instantons or other 
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finite-action field configurations, is obvious. The U(1)a problem has also been 
studied in lattice-QCDE3'E3, and both, a non-vanishing rf mass and a significant 
correlation with the topological susceptibility and fermionic zero modes, have been 
observed. 

Finally, the U(1)a problem has been investigated by considering low-energy 
models of the strong interaction. In the framework of the global color model Frank 
and MeissneiH follow the work of Kogut/SusskindS and require a certain non- 
trivial infrared behavior of an effective (i.e. non-perturbative) gluon propagator 
which leads to quark confinement as well as to a non-vanishing 77' mass. A low- 
energy expansion of the effective action following from their ansatz has been shown 
to reproduce the general results of Witten/Veneziano. DmitrasinovicE^I investigated 
different effective U (l)A _ breaking quark interactions as a low-energy approximation 
of the t'Hooft or Veneziano/Witten mechanism, which can be used to generate a 
non- vanishing 77' mass. 

In the ideal world with three masslcss light quarks and three infinitely heavy 
quarks the 77' meson is a pure flavor singlet. However, in the real world the flavor 
symmetry is not perfect, and the neutral mesons mix among each other. In the 
isospin limit (m u — mj) which is a very good approximation to the real world, the 
7T° is still a pure iso-triplet. Without the U(1)a anomaly the two iso-singlet mass 
eigenstates in the pseudoscalar sector would consist of uu + dd and ss, respectively. 
The U{1)a anomaly mixes these ideally mixed states towards nearly flavor octet or 
singlet combinations which are to be identified with the physical 77 and 77' mesons, 
respectively. From Eq. (||) we see, that the anomalous term in Eq. (Q) is independent 
of the quark masses. Consequently, the U(1)a anomaly also induces mixing with 
heavier pseudoscalar mesons (rj c , rjb) which is however less important since the non- 
anomalous terms in Eq. (Q) dominate in case of heavy quark masses. Taking into 
account the mass difference of up- and down-quarks as a source of isospin- violation, 
also the ttq receives a small iso-singlct admixture. The quantification of the mixing 
parameters is one of the main subjects of this review and will be discussed in 
Sections 3 and 4. 

3. Mixing in the 77-77' system 

In order to quantify the mixing in the 77-77' system, one has to define appropriate 
mixing parameters which can be related to physical observables. One approach is 
based on chiral perturbation theory which traditionally leads to a description of 77-77' 
mixing in terms of octet-singlet parameters. Another useful concept to obtain well- 
defined quantities is to follow e.g. the work of Diakonov/Eidesta and to consider the 
operators appearing in the anomaly equation (^) sandwiched between the vacuum 
and physical meson states. Making consequent use of the OZI-rule, one is led to the 
quark-flavor basis where these matrix elements are expressed in terms oLa single 
mixing angle which can be determined from theory or phenomenology.ES 

For the sake of clarity, I keep - if not otherwise stated - isospin symmetry to be 
exact (m u = wid <C rn s ) and neglect the contributions of heavy quarks (rriQ — > 00). 
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In this limit, the 7r° meson is a pure iso-triplet, and the r\ c meson a pure cc state. I 
will discuss mixing phenomena with 7r° and r\ c in sections 4.1 and 4.2, respectively. 

3.1. Decay constants in the octet-singlet basis and %PT 

The low-energy physics of light pseudoscalar mesons can be successfully de- 
scribed by an effective Lagrangian which reflects a systematic expansion in powers 
of small momenta and masses of the (almost) Goldstone bosons ir, rj, K. This is the 
basis of chiral perturbation theoryn (%PT). Counter terms, arising from renormal- 
ization, can be absorbed into higher order coefficients of the effective Lagrangian. 
In this sense xPT is renormalizable order by order. Since the rj' meson is not a 
Goldstone boson and its mass is not small, it is usually not included asan explicit 
degree of freedom in the Lagrangian. Recently, Leutwyler and KaiserCJ have dis- 
cussed how to include the rj' into the framework of xPT in a consistent way, and I 
shall briefly present their most important results. 

Starting point is the observation that in the formal limit Nc —> oo the anomalous 
term in Eq. ([?]) vanishes, and the rf formally arises as a ninth Goldstone boson of 
U(3)l x U(3)r — > U(3)v- One can therefore extend the counting rules for the 
construction of the effective Lagrangian as follows: 1/Nc = 0(5), p 2 = O(S), 
m q = 0(5), where 5 is the small expansion parameter. In the standard framework 
the octet and singlet pseudoscalar mesons are parametrized in a non-linear way by 
a field U(x) = exp[iip(x)] where (f(x) is a short-hand for cp a (x)X a (a — 0..8) and ip a 
are the bare fields of the pseudoscalar nonet. Consideringonly the leading order of 
the expansion in 5, one obtains the following three tcrmscJCj 

£<°> = ^tr(a Al C/t^[/) + ^tr(x t f/ + C/ t x)-6r i(^ ) 2 . (12) 

To this order the parameter F = 0(\fNc) is identified with the universal pseu- 
doscalar decay constant F — F a ~ — 93 MeV. This follows immediately if one 
introduces source terms for the axial- vector currents (||) in a chirally-invariant way. 
Finite meson masses are induced by the term proportional to \ — 2Brh. Here m 
is the matrix of (current) quark masses and B — 0(1) a dimensional parameter 
which reflects the no n- vanishing quark condensate. Finally, &tq/F 2 — 0(N^ 1 ) is 
the contribution of the U(X)a anomaly to the singlet mass. a Here To = 0(1) is 
the topological susceptibility defined in Eq. (|Io|). In order to account for the ex- 
perimental fact that the decay constants of the light pseudoscalar mesons differ 
substantially (Fk = 1.22 one can include the relevant terms of the next order 
in the effective LagrangiarO 

= L 5 tr(d^d^U( X f U + U^x)) + L 8 tr (( X ^U) 2 + h.c.) + 

^- Ai 0V + ^ A 2 tr( X t[/ - £/t x ) + C wzw + ... (13) 

"Fpjri convenience I have changed the normalization of the singlet field compared to Leutwyler et 
al.r 4 ! tp —> \/Eip° 
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Here L$ — 0(Nc) parametrizes corrections to the decay constants, Lg, — 0{Nc) 
the ones for the meson masses. Ai and A2 only influence the singlet sector and can 
be attributed to OZI-rule violating contributions, i.e. they are of order 1/Nq- A 
possible source for these terms can be provided by e.g. glueball states which are 
not included in the effective Lagrangian, see Section 4.3. I emphasize that the pa- 
rameters Ai are of different origin than the topological susceptibility r . Cwzw, 
finally, denotes the Wess-Zumino-Witten term which describes the anomalous cou- 
pling to photons and will be discussed in more detail below. Taking e.g. the pion 
and kaon masses and decay constants as input, one can - to this order - express 
the parameters F, L§ and B, Lg in terms of physical quantities only. 

Leutwyler and Kaiser have also discussed the next order, £( 2 ', see the second 
paper in Ref.Efl. At this level, also loop-corrections calculated from the Lagrangian 
have to be taken into account. They give rise to the typical chiral logs, 

Ml Ml 
32tt 2 F 2 n /x 2 . ' 

which contribute at the order 0{5 2 ). For the understanding of the main features of 
77-77' mixing the higher order effects of chiral logs and C^ 2 ' are not important. In the 
following I will therefore concentrate on the contributions from and £W and 
discuss the important consequences for the mixing parameters in the octet-singlet 
basis, revealed by Leutwyler and Kaiser. 

The decay constants in the 77-77' system are defined as matrix elements of axial- 
vector currents (||) 

(0|j; 5 (0)|P(p)) = (14) 

where I have changed the normalization convention to = = 131 MeV, 

and the currents are defined as in Eq. (§). Each of the two mesons P = 77, 77' has 
both, octet and singlet components, a = 8, 0. Consequently, Eq. (^) defines four 
independent decay constants, fp. For a given current each pair of decay constants 
can be used to define a separate mixing angle 

f 8 f° 

-|- =cot6> 8 , -^- = -tan6> . (15) 

J 77' J r}' 

Here I followed the convention of Ref.0 and used a parametrization in terms of two 
basic decay constants fs, fo and two angles 9%, 9q 

{M U #)~ Usin0 8 f Q cos 6 Q ) ■ (16) 

The angles are chosen in such a way that 0% = 9q = corresponds to the SU(3)f 
symmetric world. 

The matrix {fp} defined by Eq. ( |l6|) will play a crucial role in the following 
discussion since it is exactly the quantity that relates the physical fields P = 77, r\' 
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(which diagonalize the kinetic and mass terms in the effective lagrangian) to the 



bare octet or singlet fields tp a in the effective Lagrangian (12) and (O 



= ^(f-'rpPix). (l?) 
p 

Note that Eq. ( |l7j ) is unique up to an unimportant overall normalization which 
can be absorbed into the parameters of the effective Lagrangian. Through the 
ansatz ( |l7j ) it is guaranteed that the fields if a have the proper behavior under 
renormalization and SU(3)f transformations. Coupling the fields tp a to external 
octet and singlet axial- vector currents in an SU(3) ^--invariant way, one obtains 
the decay constants from the matrix elements in Eq. (|lj). This leads to several 
important features which shall be emphasized here: 

• One can define the matrix product 

(f T f) ab = E fpfp- ( 18 ) 
P— 77,77' 

The 88- and 08-elements of this matrix are not effected by the parameters Aj in 
the effective Lagrangian ( |l3| ) and can be expressed in terms of the parameters 
F and L5 only, i.e. to this order they are just fixed in terms of / T and fx- 
This leads ±q the following relations among the decay constants and mixing 
parametcrsc-a 

£/p/p = / 8 2 - (is) 
p 

£/p/p = /8/osm(0 8 -0 o ) = - 2 -^{f K -ft) • (20) 
p 6 

Relation ( |l9| ) follows from standard xPT for the members of the pseudoscalar 
octet alone and has been frequently used. The relation ( |20| ) stems from the 
inclusion of the rf meson into the chiral Lagrangian. At first glance, it is 
surprising since it tells us that the matrix product of the decay constants in 
the octet-singlet basis is not diagonal, i.e. 9s 7^ #o- The decay constants of 
the charged pions and kaons, appearing on the r.h.s. are well known from 
their leptonic decay@ (/ w = 130.7 MeV, f K = 1.22 f w ). Thus the strength of 
the flavor symmetry breaking effects entering Eqs. ( |l9| ) and ( poj ) is expected 
to be of the order of 20%. On the other hand, the mixing angles 9s and 
9$ themselves are small quantities, too, as long as the size of the anomalous 
contribution to the singlet mass (Qtq/F 2 ) is large compared to the effect of 
SU($) F breaking (M| - M%). One thus has 

^ * 1 , (2D 
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and the difference between 9% and 9q should not be neglected. 6 

The singlet decay constants /o has an additional contribution from the 071- 
rule violating term in Eq. (|l^) which is proportional to the parameter Ai 

£/p/p = /„ 2 = ^ L ^+/. 2 A 1 . (22) 
p 6 

The value of Ai has to be determined from phenomenology. Furthermore, the 
singlet decay constants f P are renormalization-scale dependent J 2 ! 

^ = lAitifp- (23) 
The anomalous dimension is of order a 2 

7A ( M ) = -N F ^y + 0(a 3 s ) . (24) 



A comparison with Eq. (22) reveals that the the behavior of /o under renor- 
malization should be attributed to the scale-dependence of the parameter 
Ai — * Ai(/j). Numerically the scaling of f P , however, is only a sub-leading 
effect. Varying, for instance, the scale /j, between M v and M nc , the value of 
/p(/i) changes by less than 10%. Note that the mixing angle 6*o is not scale- 
dependent since it is defined as the ratio of two singlet decay constants, see 
Eq. ©. 

• In the past, in many publicationsifflSi it has often been taken for granted 
that the two angles 9s and 9o can be taken as equal, and can be identified with 
a universal mixing angle 9p of the 77-77' system. From the above considerations 
it should be clear that neither of these assumptions is justified as soon as one 
includes flavor symmetry breaking effects in a systematic way (i.e. by taking 
into account corrections to 

• One can construct another matrix product 

(// T )piP 2 = J! 

a=8,0 

/| cos 2 6» 8 + fl sin 2 9 /f cos 9 8 sin 9$ - f§ cos 9 sin 9 

/| cos 6> 8 sin 6> 8 - f§ cos 9 sin 9 /| sin 2 9 8 + / 2 cos 2 9 

£ diag[/ 2 ,/ 2 ] (25) 

which is defined in the basis of the physical states PijP? = T),rf . Since it 
is non-diagonal, the 77-77' decay constants cannot be adequately described by 
means of individual 'decay constants f v , /^/' if mixing is to be taken into 
account, contrary to what is occasionally claimed in the literature. 



6 It is amusing to note that already 25 years ago Langacker and Eagels0 have pointed out the 
inconsistencies resulting from using only one mixing angle in Eqs. (hqjl7p. The strong interactions 
require a renormalization of the bare octet and singlet fields that is more complicated than a simple 
rotation. 
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3.2. Decay constants in the quark-flavor basis and OZI-rule 

The parametrization of the decay constants ca. ri (an d a c^ t ii a lly does) look much 
simpler in another basis, which is frequently used,^E30'ESc3E3'E3 where the two 
independent axial-vector currents are taken as 

2 ^8 



= -Y3^5 + Y3- 7 m5 = «7m75S. (26) 

In an analogous way one defines new bare fields <p q and <p s . For obvious reasons, I 
call this basis the quark-flavor basis for which I take indices i, j — q, s to distinguish 
it from the conventional octet-singlet basis with indices a,b = 8,0. In the quark- 
flavor basis the matrix x, which induces the explicit flavor symmetry breaking in 
the effective Lagrangian ( p"2| ) and (|l3|), is diagonal. Without the U(1)a anomaly 
the physical states would thus be close to the fields ip q and ip s . Consider, for 
instance, the analogous case in the vector meson sector where the u> and <f> meson 
are nearly pure qq and ss states, respectively. The smallness of the <fi-u> mixing 
angle (about 3°) is consistent with the OZI-rule, i.e. amplitudes that involve quark- 
antiquark annihilation into gluons are suppressed. The OZI-rule becomes rigorous 
in the formal limit Nc — > oo and also for a vanishing strong coupling constant 
at asymptotically large energies. In the pseudoscalar sector, however, the U(1)a 
anomaly induces a significant mixing between the fields ip q and (p B . As I have 
discussed in Section 2.1, the non-trivial effect of the anomaly is connected with 
the topological properties of the QCD vacuum and is not due to quark-antiquark 
annihilation. We will see in the following how these obervations can be used to 
obtain a powerful phenomenological scheme for the description of 77-77' mixing. 

For this purpose let me first introduce an analogous parametrization as in 
Eq. © 

{f P } - ($ f f i) = ( f f qC0S t 9 ~ f ; sin 1 s ) ^ 

V /„' f,f J \fq Sm 9 fs COS <j) s J 



From the effective Lagrangian (12) and (|13[), I obtain expressions for the basic 



parameters f q , f s and the difference between the two mixing angles 4> q and 

2 
3 



£/p/p = / g 2 - Z' + f/'A!, (28) 



, .=f q fs sm(^ -<>,) = y/'Ai, (29) 



which have to be compared with relations (|l^ ) , ( po| ) and ( f22|) . The situation in the 
quark-flavor basis is different from the one in the octet-singlet one: i) The difference 
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between the angles <j) q and 4> s is determined by an OZI-rulc violating contribution 
(Ai 7^ 0) and not by S'[/(3)i?-breaking (Jk ^ fw)- As already mentioned, the 
parameter Ai has to be estimated from phenomenology. Taking typical values for 
the mixing parameters from the literature (see Tables [l] and below), one obtains 
the estimate \<j> q — <fi s \ < 5° which translates into |Ai| < 0.3. ii) The values of <p q and 
4> s themselves are not small quantities. In the SU(3)f symmetry limit they take 
the ideal value, arctan-\/2 ~ 54.7°. Phenomenological analyses give values around 
40° (see Table §). We thus have 

< 1. (31) 



Eq. (|T]) can be taken as a justification to treat the difference between the parameters 
4> q and 4> s as a sub-leading correction. The advantage of this procedure is obvious. 
One has to deal with only one mixing angle 4> — i'q — 4>s i now defined in the quark- 
flavor basis. In this basis the matrix of decay constants is approximately diagonal, 
and we can write 

{f P } = C/(0)diag[/ 9 ,/ s ]+O(A 1 ) (32) 
where I have defined the rotation matrix 

U(t)=( COa< ^ - Sin< t) . (33) 
\ sin A) cos (b I 



I stress that assuming an equation like (]32j) in one basis necessarily leads to a more 
complicated parametrization like ( |l6|) in another. 

In the quark-flavor basis the assumption of a common mixing angle is directly re- 
lated to the OZI-rule. The OZI-rule in this context means that the l/A^-suppressed 
parameters A^ in the chiral effective Lagrangian are dropped while e.g. the topo- 
logical susceptibility To is kept. It is important to realize that the OZI-rule is a 
necessary ingredient for the determination of process-independent mixing parame- 
ters. Otherwise, we would encounter a problem, since we had to introduce an extra 
unknown OZI-rule violating parameter for each coupling or decay constant. Turn- 
ing the argument around this means that process-independent mixing parameters 
can only be determined up to corrections of order 1/Nc- 

The consequent application of the OZI-rule leads to the scheme which has been 
advocated for in Ref.00 I will refer to it as the FKS scheme in the following. It is 
based on the following requirements 

• All OZI-rule violating parameters A^ of order 1/Nc in the chiral effective 
Lagrangian are neglected. 



The parameters in the singlet channel (/o etc.) are not scale-dependent in the 
FKS scheme, since the additional renormalization effects, which are usually 
absorbed into the parameters A^, also violate the OZI-rule. 
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• All other amplitudes that involve quark-antiquark annihilation but are not 
due to topological effects are neglected (e.g. cjyui mixing, glueball admixtures 
in r\ and rf , . . . ) 

For the phenomenological analysis of mixing parameters the FKS scheme provides 
the moaLuseful concept. It can also be used as the starting point of a theoretical 
analysisca of ry-^Lmixing on the basis of the anomaly equation (Q) . In an earlier work, 
Diakonov/Eideall considered the anomalous Ward identies by implicitely assuming 
the OZI-rule to apply in the above sense which leads to completely analogous results 
as in the FKS scheme. 

Of course, if precise data for e.g. the decay constants f P or f P become available, 
one will be able to unambigously determine <p q and 4> s (and therefore Ai) from that 
one source. This in turn could be taken as input im order to determine the OZI-rule 
violating parameters in other processes. In RefBJ - for instance - the estimates 
Ai — 2A3 ~ 0.25 and A2 — A3 ~ 0.28 at low renormalization scales have been 
obtained from a phenomenological analysis. Varying Ai in the interval (—0.3, 0.3) 
this tranlates into < A 2 < 0.3 and -0.28 < A 3 < 0.02. 

The connection between the mixing parameters in the FKS scheme and the 
mixing angles in the octet-singlet basis readsE£l 

8 = 4> - arctan[%/2 f s /f q ] + 0(A X ) , 

6 = 0-arctan[%/2/ 9 // s ] + O(A 1 ) . (34) 

The deviation from the naive expectation 6p = cf) + #id where 9id = — arctan %/2 ~ 
—54.7° is the ideal mixing angle, can be attributed to the deviation of the ratio 
fq/f s from unity which is induced by the parameter L5 in the effective Lagrangian 
([l3"l). Eq. ([34]) is particularly useful since it allows to translate results in the liter- 
ature correctly from one basis into another. As we will see below the usage of the 
correct relations between 6s , 9q and <f> already resolves a big part of the apparent 
discrepancies between the results of different approaches mentioned in the intro- 
duction. It also reveals that the notion of a single octet-singlet mixing angle Bp is 
more confusing than helpful in phenomenological analyses. 

3.3. Comparison of mixing parameters in the literature 

In Tables and H I list in chronological order some results for the mixing pa- 
rameters f a and 9 a in the octet-singlet basis, as well as for the parameters fi and 
cpi in the quark-flavor basis, obtained in various analyses. c A key ingredient for the 
comparison is the usage of the general parametrization of decay constants, Eqs. ( filf ) 
and (|32|). Note that some of the results of previous articles have not been recog- 
nized, simply because one only has concentrated on finding a single mixing angle 
dp. The importance of determining independently the four decay constants in the 
r\-r]' system (i.e. a set of four mixing parameters) has often not been realized. Ta- 
bles [j] and |^ reveal that in most of those cases that are not in conflict with the 

c Of course, due to the long tradition of the subject, the list in Tables [l] and ^ is far from being 
complete. The quoted references, therefore, should be regarded as representative examples. 
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general parameterization (16), there is fair agreement among the results of different 
approaches. The largest variation is found for the parameter 9q which ranges from 
-9° to 0°. 

Table 1. Some results for mixing parameters of the 77-77' system in the octet-singlet basis. (The 
entries in parantheses [..] have not been quoted in the original literature but have been calculated 
from information given therein, assuming, for simplicity, that all OZI-rule violating parameters 
except for Ai are zero.) 



Mass matrix and radiative decay 
U(1)a anomalyj- 
Phenomenolog 
NJL quark model & phenom£j 1— 1 
Current mixingr-model & phenom.EJ 
PhenomenologyEj 1 — 1 
GMO mass formulae^! r— 1 
XPT & 1/JVc expansion & phenom.H 
FKS scheme & theoryEt-i 
FKS scheme & phenom.cj 1 — 1 
Vector meson dominance & phcnom.EH-i 
Energy dependent scheme & phenomo 



h/h 


h/h 


08 


60 


[1.3] 


[1.2] 


[-20°] 


[-1°] 


[1.2] 


[1.1] 


[-20°] 


[-5°] 


.2 - 1.3 


1.0 - 1.2 


-(23° - 


17°) 


[1.24] 


[1.21] 


[-19.5°] 


[-5.5°] 


[0.71] 


[0.94] 


[-12.2°] | 


-30.7°] 


[1.34] 


[1.21] 


[-23.2°] 


[-7.0°] 


1.19 


1.10 


-21.4 


O 


1.28 


1.25 


-20.5° 


-4° 


1.28 


1.15 


-21.0° 


-2.7° 


1.26 


1.17 


-21.2° 


-9.2° 


1.36 


1.32 


-20.4° 


-0.1° 


1.37 


1.21 


-21.4° 


-7.0° 



Table 2. Same as Table |l| but in the quark-flavor basis. 



Mass matrix and radiative deca; 
U(1)a anomalyi fc ^cppii masses^ 
PhenomenologyBOEJ'Eil p 
NJL quark model & phenom£3 r - ! 
Current mixingypnodel & phenom.EJ 
PhcnomcnologycJ r~\ 
GMO mass formulaEJ 1 — 1 
XPT & l/A^c expansip* & phenomo 
FKS scheme & theoryfei-i 
FKS scheme & phenom.B3 1— 
Vector meson dominance & phenomW 
Energy dependent scheme & phenom.f 



h/h 


h/h 


4>q 


<t>s 


[1.0] 


[1.4] 




44° 


1.0 


1.4 




[42°] 


[1.1-1.2] 


[1.1-1.3] 


[28°-34 


3 ] [35°-41° 


[1.07] 


[1.36] 


[44.1° 


[40.6°] 


[0.98] 


[0.66] 


[35.9° 


[26.2°] 


[1.00] 


[1.45] 




39.2° 


[1.13] 


[1.16] 


[31.2° 


[35.4°] 


[1.08] 


[1.43] 


[44.8° 


[40.5°] 


1.00 


1.41 




42.4° 


1.07 


1.34 




39.3° 


[1.09] 


[1.55] 


[47.5° 


[42.1°] 


[1.10] 


[1.46] 


[38.9°; 


[41.0°] 



For the following numerical discussion of phenomenological observables I will 
often refer to the set of mixing parameters obtained in the phenomenologcial analysis 
performed on the basis of the FKS schemata 



/ 8 = (1.26 ±0.04)/, , 

/o= (1.17 ±0.03) U > 

f q = (1.07 ±0.02) f v , 

f s = (1.34 ±0.06) f w , 



9 8 = -21.2° ± 1.6° , 
% = - 9.2° ± 1.7° 

p = 39.3° ± 1.0° , Ax = 



(35) 



Note that the quoted errors refer to the experimental uncertainty used in the de- 
termination of the mixing parameters, only. A systematical error, arising from 
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OZI-rule violations or higher orders in the effective Lagrangian, is not included. 
For given values, say, of the parameters f$, fo and 9% (which are rather well known) 
this error should be assigned to the angle 8q which may explain the rather large 
variation of its value in different phenomenological approaches. 

In some of the articles quoted in Tables [l] and_0 one can find different propos- 
als for mixing parameters. Escribano and FrereEJ have suggested an alternative 
parametrization 

(5 5) - ( f r s °; t 8 '?) < 36 > 

V V J v > J \fs sm fo cos 8 n > J 

where 9 n and 9 n i are interpreted as (energy-dependent) mixing angles of rj and rf , 
respectively. It can be mapped onto the one in Eq. ( |l6| ) via 

tan 6» 8 = bmd Jf , h = fs J cos 2 9 n + sin 2 9 V > , 

COS t/f^ 

tan 6» = ^ v , fo = fo J sin 2 6 n + cos 2 9 ri > . (37) 

COS t'T^' 



The authors claim that the phenomenological success of the ansatz Eq. (g6j) with 
substantially different values of 8 n and 9 V > gives evidence for the energy-dependence 
of the mixing angles. Of course, a similar concept could be introduced for the quark- 
flavor basis, defining in an analogous way energy-dependent mixing angles (j)^ and 
</y. The actual values for 9 n and 9 v i found in the phenomenological analysisEj 
translate into almost equal values for ^ and (f> n i . In this basis the apparent energy- 
dependence cannot be observed. This is in line with the above results: The necessity 
to use two mixing angles is primordially a consequence of SU (3) ^-breaking, not of 
energy-dependence. 

Kisselev and Petrovc3 have introduced still another parametrization in terms of 
an averaged mixing angle 9 and an explicit symmetry breaking parameter e. It can 
be related to the parametrization ( |l6| ) by 



tan 6> 8 ^ / — 

— , tan 9 = — ytant/s tan&o ■ 

tan 9q 

However, the authors fix the value of e by model assumptions to values smaller than 
one, while the analyses based on Eq. (|o|) find e > 1. 

Bramon et alE3 used constituent quark masses (in) instead of the decay con- 
stants for the parameterization of S't/(3)i?-breaking. Since constituent quarks 
obey a Goldberger-Treiman relation for the effective quark-meson coupling con- 
stant Qifi = rhi with g q ~ g s , one has f q /fh q ~ fs/fh s which has been used in 
Tables | and |. 

3.4. Two-photon decays and Cwzw Lagrangian 

One important source of information about the decay constants are the two- 
photon decays P — ► 77. They are driven by the chiral anomalycJ in QED and have 
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been used in most of the phenomenological analyses. In particular, for the deter- 
mination of the parameter set (|35|), the parameters f q and f s have been adjusted 
to the 77(77') — > 77 decay widths for a given value of 4> (see Table |] below). In the 
effective Lagrangian the chiral anomaly enters via the Wess-Zumino-Witten term 
in the following way 

C W zw = -^p^F^F^triQ 2 ?], (38) 

where Q = diag[2/3, —1/3, —1/3] denotes the_matrix of quark charges. As has been 
discussed in detail by Leutwyler and Kaiser J 2 -! in the flavor singlet channel one has 
again to allow for an OZI-rule violating correction, which essentially corresponds 
to replacing f — > / /(l + A 3 ) after inserting Eq. ( p"7| ) into the WZW Lagrangian. 
(In the FKS scheme, A3 is assumed to be small and neglected.) Using the gen- 
eral parametrization of decay constants ( |l6| ) and the connection between basis and 
physical fields (117]) , the chiral anomaly prediction reads 



Q<T 2 

r[f-77] = 



C 8 cos6» (1 + A 3 )C sin<V 2 



fs cos(6> 8 - 6 ) f cos(e s - 6> ) 

C s sin8 a (1 + A 3 ) C cos6» 8 

fs cos(6» 8 - 6 ) fa cos(6> 8 - 6 ) 



(39) 



Here C s — (e 2 + e 2 d — 2e 2 )/y / 6 and C = ie u + e\ + e 2 s )/\/?> are charge factors 
which arc multiplied by the elements of the inverse matrix {/ _1 }p obtained from 
Eq. (p^|). In leading order the scalc-dcpcndcnce of A3 cancels the one of /o- 

There is an alternative approach to obtain a renormalization group invariant 
prediction for 77(77') — > 77. In the two-component scheme of Veneziano/Shorec£l the 
singlet part of the decay amplitude is written as a sum of a contribution from the 
would-be Goldstone boson, (?^ o77 , and a gluonic part which includes the Veneziano 
ghost, g(=; 77 . The residual effect of the gluonic contribution, after the ghost field 
has been combined with 770 and r/g to yield the physical 77 and 77' states should be 
related to the parameter A3 in xPT. 

It is to be stressed, that Eq. ( p9| ) is only rigorously valid in the chiral limit 
m — > 0. For the ir° — > 77 decay corrections to the chiral limit are indeed small 
(m 2 <C 1 GeV 2 ), and the value of the pion decay constant obtained in this way 
is compatible!!] with the one measured in — > [i^v^. In the 77 and 77' case, how- 
ever, Eq. (|3^) may receive additional corrections. The phenomenological success of 
Eq. ([39"1), on the other hand, indicates that these corrections cannot be too large. 

3.5. Radiative transitions between light pseudoscalar and vector mesons 

The transitions P — > or V — > P7 with P = 77,77', .. . and V — p, u>, 0... 
provide another possibility to investigate the mixing scenario in the pseudoscalar 
meson sector. A comparison of theory and experimental data may also yield in- 
teresting information about the properties of light vector mesons. The relevant 
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coupling constants are denned by matrix elements of the electromagnetic currentcll 
{P{pp)\Jr\V{PvA))\ q ^ Q = -gvp-ye^ppp^iX) . (40) 

The decay widths in terms of these coupling constants read 

T[P - Vy] = a cm g 2 PVl k 3 v , T[V -» P 7 ] = .9pv 7 4 • (41) 



An e arly d iscussion of these reactions in connection with 77-77' mixing can be found in 
RefsiiSEZl The gpv-y coupling constants have also been used in the analysis of the 



EE 

77' mixing angle in Rcf.Ell The subject has been reconsidered by Ball/Frere/Tytga 
who investigated the coupling constants gpv-y as a function of the mixing angle in 
the naive octet-singlet scheme, and by Bramon et al.E^I who used the experimental 
information on gpvy coupling constants for a fit of the mixing angle (f> in the quark- 
flavor basis. In both analyses a (small) u>-<fi mixing angle has been taken into 
account, too. 

The theoretical estimates for the gpvy coupling constants are obtained by com- 
bining the chiral anomaly prediction for the decays P — ► 77 ( |39| ) with vector meson 
dominance. The results look particularly simple in the FKS scheme. Since in many 
analysis also OZI-rule violating contributions have been (partly) taken into account, 
I quote here the expressions that include both, the OZI-rule violating contribution 
to the Wess-Zumino-Witten Lagrangian (A3) and the 4>-lo mixing angle (</V)- The 
foil owi ng e xpressions represent a generalization of the formulas quoted, for instance, 



Refskle 



9np~f 

9v'pi 



3m p / 1 cos 4> s A3 sin Of. 



^ 2 f P \2 f q V6 fo 
3m„ / 1 sin <j) s A 3 cos 9 



3m w / 1 cos 4> s 1 sin <p„ sin 4>y A3 sin 9s 



2tt 2 /L V6 f g 3 U 3^6 fo 



3m w ( 1 sin <p s 1 cos 4> q sin (fty A3 cos 6% 

9 ^ = 2^U^ + 3 7s + s7!^ 

3m0 / 1 cos 4> s sin <fiv 1 sin <p q A3 sin 9$ 
9 ^ = 2^U\6 J q + 3^ + Vf^ 

3m^ / 1 sin S sin 0y 1 cos0 g A 3 cosfl 8 \ ( ) 



Here <f>v is defined in the same manner as (j>, see Eq. (|55|). For simplicity, I have 
neglected terms of the order (A3 sin^y) and have set cos(0 g — (f> s ), cos(6>g — 0q) and 
cos <j)v to unity in Eq. ( [42| ) . 

Three recent numerical anal yse s are summarized in Table H. referring to a de- 
termination in the FKS scheme] 2 !! and two investigationsoca where different 77-7/' 
mixing schemes have been used and a non-vanishing <fi-uj mixing angle have been 
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taken into account. The numerical values of the mixing parameters in the three 
analyses are, however, not too different from each other, see Table |], and the ob- 
tained estimates for gpv-y are very similar and turn out to be in fair agreement with 
the experimental findings. 

Table 3. Some recent estimates of the coupling constants Igpv^l compared to experiment. 



PV FKsEf Escribano/Frer. 



IT 



Benayoun et al 



ExperimentB 



IP 
■q'p 

Tj'u! 

n'<t> 



1.52 
1.24 
0.56 
0.46 
0.78 
0.95 



1.43 
1.23 
0.54 
0.55 
0.73 
0.83 



1.69 
1.38 
0.58 
0.44 
0.70 
0.70 



1.47~* 



7+0.25 

-0.28 

1.31 ±0.06 
0.53 ±0.04 
0.45 ±0.03 
0.69 ±0.02 



1.00 



+0.29 
-0.21 



3.6. Light-Cone Wave Functions 

The decay constants defined in Eq. ( |l4| ) play an important role in exclusive 
reactions at large momentum transfer. In this case it is useful to consider an expan- 
sion of the physical meson states in terms of Fock states with i n cr e a sing number of 
partons. Schematically, for the 77 and rj' mesons, one may writeOEZI 

|r?) = *5(*,ki)|a> + ... 

a=8,0 

\rf) = £ *^(x,kj.)| )+... (43) 

a=8,0 

where |o) = \q ^ q) is a partonic quark-antiquark Fock state. Each Fock state 
has an individual light-cone wave functions 'J'p. Here x denotes the ratio of the 
quark and meson momenta in the light-cone plus-direction, and is the quark 
momentum transverse to the meson one. The dots in Eq. (^) stand for the higher 
Fock states which may include additional gluons or quark-antiquark pairs and, in 
principle, also a two-gluon component \gg). Since the matrix elements in Eq. ( |l4| ) 
correspond to the annihilation of two quarks at one space-time point, the decay 
constants fp are related^ to the values of the light-cone wave functions ^> P 'at the 
origin' 

r- f dx ePk 1 / \ 

fp = 2 ^J (44) 

An analogous relation is valid for the decay constants p P and light-cone wave func- 
tions 'fp in the quark-flavor basis. The relation ( fii]) underlines the importance of 
the decay constants for the description of the rj-rj' system: They enter both, the ef- 
fective Lagrangian relevant for low-energy physics and the light-cone wave functions 
utilized in high-energy reactions. 

d l follow the normalization convention of Ref.H 
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I remark at this point, that in the flavor singlet channel, quark-antiquark and 
two-gluon parton states can mix perturbatively . The_ evolution equations to first 
order in a s have been derived by Baier and Grozin.c3 This mixing is a true OZI- 
rule violating process and should be neglected in the FKS scheme. 

At large energies one often integrates out the intrinsic transverse momenta to 
obtain the (scale-dependent) distribution amplitudes <frp(x; fx) which are defined by 
non-local matrix elements 

— *-(0| g -(0) 7 + 75^= g(OI^(p)> ■ (45) 

They can be expanded about Gegenbauer polynomials, which are the eigenfunctions 
of the QCD evolution equation for mesons 

= 6s(l-aO(l+ £ B n {ji) C^(2x - 1) j . (46) 

\ n=2,4,... / 

In the limit fi — > oo, the coefficients B n evolve to zero with anomalous dimen- 
sions increasing with n, and one is left with the asymptotic distribution amplitude 
<l>As(%) = 6x(l — x). Usually one keeps only a finite number of non-zero Gegenbauer 
coefficients in Eq. (^|) which are then determined from phenomenology, QCD sum 
rules, low-energy models etc. Typical QCD sum rule estimates^ lead to distribu- 
tion amplitudes for the pion which are somewhat-broader than the asymptotic one 
(B 2 ^ 0.44 and £? 4 ~ 0.25 at fi = 1 GeV). Balled also considered the distribution 
amplitudes for the r\ meson and finds a smaller value of the first Gegenbauer coeffi- 
cient, Bi ~ 0.2, which follows the general trend that heavier mesons have narrower 
distribution amplitudes^The pion distribution amplitude has also been calculated 
in the instanton model,Eil and values B 2 — 0.06 and B4 ~ 0.01 have been found. 

The Fock state expansion is also related to the parton distributions which are 
extracted from the structure functions measured in deep inelastic scattering. For- 
mally, the parton distributions arise from an infinite sum over all Fock state wave 
functionsa squared and integrated over transverse momenta and all but the momen- 
tum fraction Xj of the struck quark with a certain flavor, e.g. 

fu/w(x) = ^ l[d 2 k] N [dx\ N \^ fjN \ 2 5{x-Xj) . (47) 

0N 

The sum runs over all Fock states with parton number iV being in a color/spin/flavor 
combination labeled by (3. A detailed analysis in the nucleon caseE3 has revealed 
that Fock states higher than the leading qq one lead to higher powers of (1 — x) in 
Eq. ( [47j ) , under the reasonable assumption that the distribution amplitudes of higher 
Fock states can be described by their asymptotic form multiplied by polynomials 
in the light-cone momentum fractions Xi . Restricting oneself to a few Fock states 
is thus sufficient to predict the parton distributions at large x. 
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Fig. 1. The distribution amplitude &(x) of the qq Fock state in a pseudoscalar meson (l.h.s.) and 
its contribution to the valence parton distribution x f u / 1! {x) (r.h.s.) for different values of the 
Gegenbauer coefficient B2 at n = 1 GeV (solid line: B2 = 0; dashed line: B2 = — O.f ; dot-dashed 
liris: B2 = +0.1). The parametrization for xf u / % (x) (dotted line) has been taken from Gliick et 
al.B 



Only for the pion experimental data axe available but suffers from rather large 
errors. The recent analysis by Gliick et al.B leads to the following (LO) parametriza- 
tion of the valence quark distribution inside the pion at 1 GeV 2 

xfu/n{x) = 0.745 (1 - xf- 727 (1 - 0.356 y/x + 0.379 x) x°- 5ae . (48) 

Despite of the uncertainties, it can be used as a cross-check of the x distribution in 
the qq Fock state.0@ In Fig. plotted the asymptotic distribution amplitude and 
slight deviations from it (using B>2 = ±0.1) as a function of x. In the same figure I 
have shown the contribution of the qq Fock state 6 to the valence quark distribution 
function of the pion, confronted with the phenomenological parametrization by 
Gliick et al.i As one observes, a distribution amplitude <tv(x) which is close to the 
asymptotic form already at low renormalization scales, fi ~ 1 GeV, is preferred. 

Once, the pion distribution amplitude has been determined, it can be applied to 
other hard exclusive reactions (for instance, soft and hard contributions to the pion 
electromagnetic form factoroE3C3, charmonium decays into light pseudoscalars,tZl 
B meson decays into light pseudoscalar mesonsBEBE] ). The most important ex- 
perimental information on the distribution amplitude of the pion comes from the 
7T7 transition form factor at large momentum transfer. In the following paragraph 
I will compare the 717 form factor with the 777 and 7/7 form factors. 

3.7. Pj transition form factors 

For neutral pseudoscalar mesons the process 77* — > P with (at least) one highly 

e For the transverse part of the wave function 1 assumed a Gaussian. Its width is fixed by the 
n _> yy decayEJ. 
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virtual photon offers a possibility to test the wave functions ty p and the decay con- 
stants fp. The meson-photon transition form factor measured in this process can 
be expressed as a convolution of the ^f 1 hf-~(j n n (3 .F^y^ Junctions with a perturbatively 
calculable hard-scattering amplitudeJ3'Bliill23'EllE3H'E3 For asymptotically large mo- 
mentum transfer the form factor is solely determined by the decay constants 

Q 2 F Pl {Q 2 ) = 6j2 C "fp (Q 2 -> oo) (49) 

a 

where Cs,o are defined after Eq. © and C 3 = (e 2 u - e 2 d )/V2. If we had experimen- 
tal data in the asymptotic region of momentum transfer Eq. ([l9|) could be taken 
as a rigorous way to determine two of four mixing parameters in Eq. (|l6|). How- 
ever, as the example of the pion (where the decay constant / ff is known) reveals, 
the recent experimental data from CLEoEl at Q 2 values of a few GeV 2 are still 
15-20% below the asymptotic value. One therefore has to take into account cor- 
rections to Eq. fl49|). A calculation of the ?7(f/)7 transition form factor within the 
modified hard-scattering approach (which takes into account transverse momenta 
and Sudakov suppressions) has been performed in Ref.Ej The usage of the two-angle 
parametrization ([l6]) turns out to be crucial to obtain a simultaneous description 
of both, the two-photon decays (depending on the inverse of the decay constant 
matrix) and the transition form factor at large momentum transfer (depending lin- 
early on the fp). A very good description of the CLEO data is obtained if the 
values of mixing parameters in Eq. (^5|) and the asymptotic distribution amplitudes 
are used. The result of that analysis is plotted in Fig. ||a) where I have divided 
the transition form factors for 7r°, 77, rj by their asymptotic behavior (|49|), using the 
mixing parameters in Eq. (|35|). As one observes, within the errors the results for 
the three different mesons nearly fall on top of each other. This indicates, that 
the octet and singlet pseudoscalar mesons behave very similarly at large energies, 
or, in other words, the x distributions in the light-cone wave functions of the qq 
Fock state for it, ij and 77' mesons are not very different from each other. Thisjs to 
be confronted with the r] c ~/ transition form factor which behaves differentlyj£j'LD see 
Fig. [2)3) , due to the suppression with the heavy quark mass at intermediate energies 
and a different distribution amplitude which can be approximated by a Gaussian 
around xq = 1/2, 

® Vc (x) = Afx(l-x) exp[-a 2 c M 2 c (x-x a ) 2 ] . (50) 

For comparison I have also plotted in Fig. ||a) the result_pf the standard hard- 
scattering approach (sHSA) , following the work of BrodskyEa and using the asymp- 
totic distribution amplitude 

Q^F^Q 2 ) = ^(l-| av(e ; 3/2Q) ) ■ (51) 



Here the deviation from the asymptotic limit (49) is due to the first order QCD 
correction to the hard-scattering amplitude. Note that the argument of ay in 
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Eq. reflects a rather low renormalization scale. One is thus sensitive to the 
infrared behavior of the strong coupling constant. Brodsky uses a particular choice 
that freezes for — > 0. In this special form the sHSA also yields a good 
description of the data above, say, 3 GeV 2 . 




Fig. 2. a) Results for the photon-transition form factors of light pseudoscalar mesons ■K ,r],n', 
divided their asymptotic behavior (^). The sHSA result has been calculated according to 
Brodskvr 8 !: the mHSA prediction is based on a calculation taken from Ref£j The asymptotic 
distribution amplitudie-lias been used, and meson masses have been neglected. Experimental data 
are taken from (pi»EOCi3. b) Result for the r? c 7 transition form factor. The theoretical prediction-** 
taken from Ref.ED Experimental data are taken from a recent analysis by the L3 collaboration. lj 



The photon-transition form factors_^with light pseudoscalar mesons have also 
been investigated by Anisovich et al.Ea Also in that analysis the universality of 
the qq wave functions of 7r°, r\ and rf with a distribution amplitude close to the 
asymptotic form has been confirmed. The r\-r)' mixing has been treated in the FKS 
scheme with a mixing angle cp = 37.5° which is not too different from the value 
quoted in Eq. ([55]). In addition to the HSA analyses a soft hadronic part of the 
photon has been modeled, which leads to a prescription of the data at low Q 2 with 
a behavior close to vector meson dominance (VDM). The result of that analysis is 
plotted in Fig. |. 

The t](ri')^ transition form factors have also been treated in the conventional 
mixing scheme, using one common mixing angle in the octet-singlet basis.0O In 
this case a decent description of the data can only be achieved by choosing different 
parameter values for the decay constants and wave functions than the ones favored 
by other processes and x?T. 

It has often been tried to infer information on the decay constants from fitting 
a pole formula for the Pj transition form factor to experimental data. In the case 
of the pion this is motivated by an interpolation formula which has been proposed 
by Brodsky/LepagefJ 

F ^Q 2 ) = J C Atn - W 
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Fig. 3. Results-4jpr the photon-transition form factors of light pseudoscalar mesons r], r]' (Figures 
takeii-^rom Ref . The theoretical result is based on a wave function model taken from Anisovich 
et alE3 (Different curves correspond to different parameter sets of the model.) Experimental data 
are taken from CLEOL9, CELLOO and TPC/27O 



Obviously, it has the correct asymptotic limit (^). Furthermore for Q 2 — > it 
coincides with the prediction from the chiral anomaly. It happens to have a similar 
form as the vector dominance model ( VDM) if one identifies My — 27r/ x . Aston- 
ishingly, one has the approximate equality M pu ~ 27r/ w , but there is no theoretical 
justification to assume that this relation has to be exact. Nevertheless, most of the 
experiments quote pole mass values extracted from a fit to the data. For the irj 
form factor this mass comes out to be not too different from M p , but of course it 
can not be used as a measurement of / w by requiring Eq. (|5^) to hold exactly. For 
the ?77 and 7/7 transition form factors the situation is even more complicated due 
to mixing, and even on the approximate level one does not find a simple relation 
of the experimental pole-mass fits with the 77-/7' mixing parameters. Consequently, 
these fits should be viewed rather as an effective parametrization of experimental 
data (which even depends on the measured range of momentum transfer) than a 
determination of process-independent quantities, see the second paper of RefH3 and 
references therein. 

There are some additional processes which are similar to the P7 transition form 
factor and allow for an independent determination of the mixing angles, in partic- 
ular they may be helpful to fix the valu e of On. One may, for instance, think of 
central 77 or rf production in pp collisions JUIZ3 where the transition form factors for 
9*9* ~~ > viv') are assumed to be .relevant. The ratio of these form factors at large 
momentum transfer exactly givesEH — tan#o- A complementary decay mechanism is 
provided by 7-Oddexon-?7(?7') processes in diffractive ep scattering as discussed by 
KUian/NachtmannJZj The ratio of form factors in this case turns out to be given 
byc3 cot 9g- The experimental determination of the form factors from such processes 
may, however, be very difficult. 
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A very academic process is the decay Z — > f](ri')^f which is similar to the P7 
transition form factors. Taking into account the electroweak charges of the involved 
quarks one obtainsEZI T[Z — > rpd/T[Z — > 7/7] ~ tan 2 6*o- Due to the smallness of 
the individual branching ratiosEH experimental data should not be expected in the 
near future. The same vertex is involved in the decays rj(rj') — > 7/x + /j~, but at 
small momentum transfers where the ratio gives a measure for the angle 0%. As 
discussed by Bernabeu et alJI3 the P^fZ vertex can be measured by extracting the 
j-Z interference term from suitably chosen asymmetries. 

3.8. Matrix elements with pseudoscalar quark currents 

Let me proceed with considering the matrix elements of the pseudoscalar cur- 
rents, entering the anomaly equation (^). They determine the quark mass con- 
tribution to the meson masses. It is natural to take the matrix elements in the 
quark-flavor basis where the quark mass matrix is diagonal. Let me define the four 
parameters h p for i — q, s and P = 77, rf as 

2m;<0|j*(0)|P) = h l P . (53) 

Here the pseudoscalar currents in the quark-flavor basis are given as j| = (uij^u + 
<Jz75(i)/v2 and j'| = sij^s, respectively. Following the chiral effective Lagrangian 
( p^| ) and (|l|), we can express the matrix elements in Eq. ( |53| ) in terms of the decay 
constants and the parameters B, and A2. The values of B and L$ are fixed 
in terms of the pion and kaon masses and decay constants. The parameter A2 is 
needed to cancel the scale-dependence of Ai (the singlet pseudoscalar current is not 
renormalized.) In the FKS scheme both, Ai and A2, are neglected. In this case one 
obtains the simple representation 

{h l P } = ^=U(d>)diag[f q Ml f s {2M 2 K -Ml)]. (54) 

The validity of this simplification has again to be tested against phenomenology. 
With the same assumptions that lead to the FKS scheme it makes sense to introduce 
basis states^ \n q ) and \r) s ). These are connected to the physical states by the same 
mixing angle <j> as the decay constants ( |32| ) and the quark mass contributions ( |54| ) 

71 ^ U(c(>) (\^\) . (55) 



\v')j ~" \n 

This connection has to be confronted with Eq. (|l7|). The basis states in Eq. 
have a definite decompositon in terms of quark-antiquark Fock states 

\q q ) = y q (x,kx)\uu + dd)/V2 + ... 

\ Vs ) = H> s (x,k ± )\ss) + ... (56) 



'One sometimes finds the notation \ns) and |s) for non-strange and strange qq combinations, 
respectively. 
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This is to be compared with Eq. (fPI), Tr this form fl55| ) the FKS scheme has been 
utilized in a number of analyses. EjOOSE^O'EIj The separation into strange and 
non-strange quarks is natural in those reactions where either the ss or uu + dd com- 
ponent is probed, e.g. by light vector mesons, which show nearly ideal mixing, or by 
Cabbibo-favored weak transitions, c — > s. Considering appropriate ratios of observ- 
ables with 77 and 77' in such decay modes, one obtains an almost model-independent 
determination of the mixing angle c?L_Such an investigation on the basis of the FKS 
scheme has been performed in Refc3 and led to the result quoted in Table || (for 
the decays_J/'0 — > viv')! included in that table see Eqs. (|62] ) and ( |63|) below). Bra- 
mon et al.E3 analyzed even more decay modes, like those of tensor mesons or higher 
spin-states into pairs of pseudoscalar and the whole class of radiative transitions 
between vector and pseudoscalar mesons (see Section 3.5). This requires at some 
stage some additional (but plausible) model-assumptions about S'?7(3)i?-breaking 
and mixing angles of vector and tensor mesons. Nevertheless, almost the same 
value, <f> = 39.2° ± 1.3°, as in the FKS analysis has been found. 

Table 4. Determination of the mixing angle from different decay channels, according to Ref.0 
and references therein. The quoted error refers to the experimental uncertainties, only. 



J/4 


-> iW)p 


39.9° ± 2.9° 


D s - 




41.3° ±5.3° 




pry, p -> J?7 


35.3° ±5.5° 


a-2 — } 




43.1° ±3.0° 






f 36.5° ± 1.4° 




1 39.3° ± 1.2° 


pp - 




37.4° ± 1.8° 


■J/4' 




39.0° ±1.6° 



average 39.3° ±1.0° M 



Values for the parameters h l P can be estimated using the pion and kaon masses 
and the phenomenological results for the mixing angle <f> and the decay parameters 
/, and f s , see Eq. (||) 

/AV« h*\ _ / 0.0020 GeV 3 -0.053 GeV 3 \ 

\h*, h s v ,J ~ V 0.0016 GeV 3 0.065 GeV 3 J ' ( " ! 

The matrix elements hp are, for example, an important ingredient in the cal- 
culation of B meson decays into light mesons in the factorization approach, see 
e.g. Refs.EjO Occassionally, it has been popular in this context to use a simplified 
treatment of 77-77' mixing. For instance, in the analysis of B decays into 77 or 77' 
in Ref.H the 77 meson is approximated as ~ \uu + dd — ss)/y/3 and the 77' me- 
son as ~ \uu + dd + 2ss)/v / 6. This would correspond to taking a mixing angle 
(j) — arctan a/2/2 ~ 35.2° and ignoring S'C/(3)F-breaking effects (f s — f q = f n ) 
which would lead to significantly different values than in Eq. ([571) . 



28 Quark Structure of Pseudoscalar Mesons 



3.9. Matrix Elements with the topological charge density 

Besides the decay constants, the matrix elements of the topological charge den- 
sity u in Eq. (0) 



A P = (0\2w\P) 



(58) 



play an important role in the understanding of r\-r( mixing. They can be used to 
define yet another mixing angle 



tan 8 V 



(59) 



Through the anomaly equation (Q) the quantities A v and A v > are directly related 
to the decay constants and the mass parameters hp. If one sets the up- and down- 
quark masses in Eqs. (0) and (Shto zero which is equivalent to neglecting M 2 . 
compared to M 2 ,, one obtainsclfEjO 



Ai 



1 

72 



-7= (0|5 M J^ 5 |P) = M%^ = Mj Jp 



ft 
V2 



f 8 P + V2f P 



The remaining pair of equations, 



= M 2 P f P -h P , 



(60) 



(61) 



when supplied with the ansatze (|32]) and ( p4j ) for the decay constants and the 
parameters h P in the FKS scheme, can be transformed into an additional relation 
between the angles 9 y , 9s and <f>, namelyEj 



tan 9s 

T 

octet (quarks) 



tan 9 y 

T 

singlet (gluons) 



cot ( 



T 

quark flavor 



(62) 



Here I have indicated the noteworthy fact that Eq. (|62j ) connects the three different 
angles ^s, 9 y and 0, and thus three different aspects of 77-77' mixing. A prominent 
example where the angle 9 y enters is the radiative J/tp decay into i] or 77'. Novikov 
et al.Ej have argued that the annihilation of the J/tp into light quarks is dominated 
by the anomaly, i.e. the matrix elements in Eq. (|6tj|). One then obtainsc3 for the 
ratio of decay widths 



R{JH>) 



T[J/4> -> 7/7] 
T[J/ip -> 777] 



(0\w\r,) 



1 //' 



cot 2 6„ 



(63) 



where kp is the three-momentum of the final state meson in the rest-frame of the 



J/ip. The radiative J/ip decays together with Eq. (62) provide an essential cross- 



check of the self-consistency of the whole mixing approach. From the experimental 
measurement^ of the ratio (|63|), 5.0 ± 0.6, one actually finds the following values 
of the mixing parameters, 9 y = 9s 



-22.0° ± 1.2° and 



39.0° ± 1.6° where 
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the result for the angle 4> has already been used in Table |j and turns out to be 
consistent with the values obtained from other processes. This is to be confronted 
with the naive but incorrect expectation 9^ = 8q = 8p = <f> + 8- l( i- This formula is 
one of the sources of the discrepancies between different determinations of mixing 
angles which have been mentioned in the introduction. 

Taking values for the decay constants fp from Eq. ( |35| ) and using Eq. (|60|), one 
can give absolute numbers for the matrix elements of the topological charge density 

A n = (0|2cj|t? ) = 0.023 GeV 3 , 

A v > = (0|2w|?/) = 0.058 GeV 3 . (64) 

The ratio A n > / A^ can also be used to determine@ the ratios R(ip') — 5.8, anal- 
ogously to Eq. (|63|). A recent measurement of the BES collaboration!! yields 
RW) = 2.9l?;t 

3.10. Mass formulas 

The anomaly equation (0) connects the masses and decay constants of pseu- 
doscalar mesons. Supplied with the ansatze for the decay constants ( |32] ) and the 
quark mass contributions one can obtain several relations that connect the 
masses of the physical states r\ and rj' with the parameters in a given basis. 

3.10.1. U(1)a mass shift 

First, it is convenient to consider the trace of the physical meson mass matrix 

9 9 or- COS 8a Aw — sin 8ft A„ 9 9 , 

Ml + Ml, = 2 Ml + V3 ^r-H =2M 2 K + M* (1)a . (65) 

Jo cos[f 8 - t>o\ 

Here I have defined the mass shift Mu^ A , which parametrizes the deviation from 
the U(1)a symmetric world. Note the similarity with the formula for the two- 
photon decay widths (|39|): The matrix elements Ap are weighted with the elements 
of the inverse matrix {/ _1 }p- Using Eq. ( |65| ) and physical kaon and 77,77' masses 
or using the phenomenological values for decay constants ( |35"| ) and gluonic matrix 
elements (p^), respectively, one obtains the value 850 MeV for Mum A . 

The U(1)a mass shift has also been calculated on_the lattice, using quenched 
QCD with Wilson fermions for a single massive flavorEa The values for Mjj^ a ex- 
tracted from the 77' propagator on the lattice show to a good approximation a linear 
rise with decreasing quark mass m. Qualitatively, this behavior is expected from the 
structure of the effective chiral Lagrangian ( |l2| ) and (p^|), namely M^^ a cx tq/Fq 
with Fq = F%(1 + 2(Fft/F% — 1) m/m s ), where I have expressed the parameter L5 
in terms of the kaon and pion decay constants and set m u = nid = 0. Extrapolat- 
ing the lattice data to the case of three massless flavors (using M^^^ cx A^p) 
a value of Mjj^ a = 751 ± 39 MeV is found which is somewhat smaller than 
the phenomenological value. The dependence of the singlet meson mass on the 
quark masses is stronger than expected from xPT. At an effective quark mass of 
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m s /3, which should be taken for comparison with the real world, the lattice sim- 
ulation yields only Mtj(v\ a ~ 650 MeV. Calculating on the other hand the mass 
shift from the topological susceptibility, see Eq. (|7l]) below, a rather large value 
Mjj(i) A = 1146 ± 67 MeV is found on the lattice. Another lattice calculation has 
used quenched and unquenched staggered fermionsBH In that analysis it has been 
shown that the rf mass is particularly sensitive to fermionic zero-modes, indicating 
the strong connection with the topological properties of the theory. The result for 
Mjj(X) A in the limit of massless quarks is found to be 876 ± 16 MeV. 

3.10.2. Dashen's theorem and GMO formula 

One is often interested in features of the meson mass matrix in the octet-singlet 
basis. However, the connection between the physical fields P = T),r]' and the bare 
fields (p 8 and <p° in the effective chiral Lagrangian is not simple. One has to use 
Eq. (|l7]) which involves both mixing angles, 9s and do- Thus, instead of considering 
an octet-singlet mass matr ix one is led to considering the following product of decay 
constants and massescSc3 

(f T M 2 f) ab = 1 £fpM P f P . (66) 
p 

This result is equivalent to the ideas proposed by several other groupflS'S on 
the basis of a current algebra theorem proposed by DashenH3 With the correct 
treatment of the decay constants, which is essential to obtaining an object with 
well-defined octet-singlet quantum numbers, Dashen's theorem reads 

Y,f a pM P f b P = -(0\[Ql[Qtn x s B (0)}}\0) (a, 6 = 1... 8) (67) 
p 

where Q b a are the pseudoscalar charges and tL x SB the chiral symmetry breaking 
part of the QCD Hamiltonian. I repeat that single 'decay constants' f v ,fn', which 
are sometimes used in this context, have no process-independent interpretation. 

In particular, one may consider the diagonal elements of the matrix in Eq. (fiff). 
The octet element does not receive contributions from the anomalous or OZI-rule 
violating terms in the effective chiral Lagrangian and can be expressed in terms of 
masses and decay constants of the pion and kaon only. In the FKS scheme, using 
Eqs. ([32J) and (H), the result can be written as 

Y.ft'Mpfp = fi ( cos2 *bM* + sin 2 9 8 M*) 
p 

f q Ml + 2f s (2M 2 K -Mp 
= § • (68) 

This formula allows to derive an improved GfJl-Mann-Okubo (GMO) formulaS 
with the angle 9s playing a distinguished role.EZl In the usual form it reads 

9999 4M 2 , - Ml A Ml -Ml 
cos 2 9 8 Ml + sin 2 9 8 M 2 ~ \ * - A GMO — — • (69) 
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With the ansatz ( |54| ) one obtains a contribution Aqmo = 4 (J 2 — /|)/(3/|). It is 
to be stressed that the SU(3)f corrections in Eq. ([39|) enter in second order, and 
thus additional corrections can be important, e.g. from higher order contributions in 
xPT.Efcil In any case, investigations of the GMO formula and its corrections provide 
an estimate of the mixing parameter 9s- Most of the analyses lead to values of about 
—20°, which is consistent with the number for 9s in Eq. (35), see also Table g. 



3.10.3. Topological susceptibility 

In the FKS scheme the singlet-singlet matrix element, as defined in Eq. (|66|), 
reads 



J2f°pMpfp = fo (sin 2 0o M* + cos 2 9 Q M%) 



2p q Mt+f*(2Ml-M*) | rof 
= — g hV3/o (cos 6»o A v > - sm 9 A v ) . 

(70) 

It has a contribution from finite quark masses (i.e. M v ,Mx ^ 0), similar as the 
octet-octet matrix element in Eq. ( |68| ) . Additional contributions appear due to the 
U(1)a anomaly; comparison with Eq. ( [l2| ) yields an expression for the topological 
susceptibility tq 



\/3/o 
12 



t = — (cos6> A, Y - sin 9q A v ) . (71) 



The value of tq following from the phenomenological values for fo, 9q and Ap comes 
out as (192 MeV) 4 . Note that for 9s ^ 9q the connection between the topological 
susceptibility tq and the mass shift Mu^ A , as defined in Eq. (|65|), is no longer 
f 2 



simple, /qML, 7^ 12 tq. The original Witten-Veneziano formula is recovered for 



3.10.4. Mass matrix and Schwinger's formula 

One can consider a similar construction as Eq. ( |68| ) in the quark-flavor basis. 
Here, the situation is simplified if one adopts the ansatz (32) for the decay constants 
in the FKS scheme. In this case (and only then) one can unambiguously define a 
mass matrix M 2 in the quark- flavor basis via 

(/ T M 2 /r = J2f l p M pfp 

= £ /, (UHVYp Ml (U(0 p f 3 = /, (M 2 ) ij U . (72) 
p 

The structure of thismatrix follows solely from the anomaly equation (^). Following 
the notation of Ref.c^l one has 
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with m\ q ~ Af 2 , ml ~ 2M| - Af* y = /,//, and a 2 = M£ (1)a /(2 + y 2 ). The 
anomaly contribution oc a 2 is manifestly 'non-democratic' due to the appearance 
of the flavor symmetry breaking term y. The consideration of the mass matrix in 
Eq. ([73]) turns out to be completely analogous to the analysis of the anomalous Ward 
identities performed earlier by Diakonov/Eides.113 This comes as no surprise since 
both methods rely on the same assumption about OZI-rule violation and J1U(S)f 
breaking. (The correspondence between notations used here and in Ref.E3 reads 
a 2 = /i 2 /2 and y — fi/fz- Diakonov and Eides used the estimates f q ~ /„• and 
f s ~ 2/k — /jr in order to obtain predictions for the various matrix elements of 7/ 
and 77'.) The diagonalization of the mass matrix ( |73| ) gives a thmretical estimate 
of the mixing angle <j>, which comes out as about 42°, see RefsJiSEil and Table ||. 
Within the uncertainties this value is compatible with the phenomenological value 
quoted in Eq. (|35|). 

The matrix ([73|) can also be used to obtain an improved version of Schwinger's 
mass formulaEfl. It is most easily derived by considering the trace and the deter- 
minant of the mass matrix in the quark-flavor basis and in the physical one and 
solving for M' . A crucial point is that the two matrices have to be connected by a 
simple rotation which is approximately true for the quark-flavor basis ([72] ) but not 
for the octet-singlet one. This yields 9 

(Mt - Ml) (2Mt - Ml - Ml) , N 

M , = AT H r — — - — f74) 

' M\ - (2 + y 2 ) M 2/4 - (2 - y 2 ) M 2 /4 ' { ' ' 

Schwinger's original formula is recoveredin the limit y — > 1. It has also been re- 
derived in another context by Veneziano.E-X It is noticeable that, in the latter anal- 
ysis, the anomalous mass contribution can be expressed in terms of the Veneziano 
ghost coupling constant, a 2 = X 2 /Nc- Schwinger used his formula to predict the 
mass of the r\' meson. For y — 1 he obtains a too high value of about 1600 MeV. 
As is obvious from Eq. (Q) the formula is very sensitive to deviations of the flavor 
symmetry breaking parameter y from unity since y 1 enters in the difference of two 
terms in the denominator. Indeed, for values of y about 0.8, following from the 
phenomenological determination of the decay constants ([55]), the correct value of 
the 77' mass is found. 

3.11. Pseudoscalar coupling constants of the nucleon 

The coupling constants of the nucleon with the light pseudoscalar mesons 7r°, 
77 and rf are basic ingredients for the low-energy description of hadronic physics, 
especially for the description of nucleon-nucleon scattering data. A phenomenologi- 
cal determination of the coupling constants can be achieved via dispersion relations 
(see e.g. Grein/Krolo), potential models (see e.g. Nagels et al.E3), or effective low- 
energy Lagrangians of the nucleon (see e.g. Stoks/RijkerO). While the value for 

9 A variant of Schwinger's formula has recently been discussed by Burakovsky and Goldman. £3 It 
differs from the one presented in Eq. ( p^ ) due to the usage of a simplified treatment of the decay 
constants. 
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g-xNN — 13 is well-established, the values for g n NN and g v 'NN are not so well-known, 
see e.g. Dumbrajs et al.cZI and references therein. 

An alternative way to estimate the couplings gpNN is to relate them to the 
axial-vector coupling constants of the nucleon which are defined as 



(N{p,s)\J^\N(p,s)) = G\ Sll (75) 

where s M is the spin- vector of the nucleon. A different normalization convention, of- 
ten found in the literature, is given by a 3 = \/2G\, a 8 = \/6 G\, a — \/3 G° A . The 
parameter can be determined from neutron /3-decay by using isospin symmetry. 
This yieldso 03 = 1.267 ± 0.0035. Conventionally, one rewrites 03 and a 8 in terms 
of the coupling constants D and F, namely 03 = F + D and a 8 = 3F — D. The 
ratio F/D = 0.575 ± O.OlGJs determined from the hyperon /3-decays and SU(3)f 
flavor symmetry relations J£3 Together with the phenomenological value of 03 one 
obtains ag — 0.58 ± 0.03. Finally, the singlet axial charge ao can be extracted from 
a measurement of the first moment of the structure function g\ (x, Q 2 ) measured in 
polarized lepton-nucleon scattering, 

V\{Q 2 )= I 'dxg^Q 2 ) = ^\a 3 + ^-]+^-a (Q 2 ) , (76) 



12 



3 



9 



where c[ N ^ S are known coefficients, calculable in perturbation theory. The latest 
analysis of the Spin-Muon Collaboratioill (SMC) yields a (5 GeV 2 ) = 0.28 ±0.17. 
The axial charges have receiitly been determined from a lattice simulation with 
dynamical Wilson fermionsEJ which leads to slightly smaller values for a3, as and 
a . 

In the parton model the axial charges can be expressed in terms of the integrated 
polarized parton distributions 

a 3 = Aw — Ad , 
a 8 = Ait + Ad - 2As , 
a (Q 2 ) = Au + Ad + As -3^ Ag(Q 2 ) ■ (77) 

The appearance of the polarized gluon distribution in the expression for the nu- 
cleon's singlet axial charge is a consequence of the U{1)a anomalyO In the Adler- 
Bardeen schemeLj the integrated polarized quark distributions Ag are scale- indepen- 
dent. The smallness of the singlet axial charge ao compared to a 8 , which is the origin 
of the nucleon spin puzzle, can be explained by a substantial (negative) contribution 
of the polarized gluon distribution, Ag. 

Let me return to the pseudoscalar coupling constants of the nucleon. For the 
pion one has the well-known Goldberger-Treiman (GT) relation 

2m N G 3 a = f-K g-nNN (78) 
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which has been successfully tested against phenomenology. Its derivation is based 
on the usual PCAC assumptions. The obvious generalization for G\ and G A reads 



2m N G\ 



fp 9pnn 

P—rj^rj' 



(a = 8,0) 



(79) 



Here I have only taken into account the contributions from the physical r\ and rf 
states. Note that both, G A and f P have the same anomalous dimension ja deter- 
mined by the renormalization of the singlet axial- vector current (p3|). Consequently, 
the quantities gpNN in Eq. ( |79| ) are scale-independent as they should be. The in- 
troduction of an additional OZI-rule violating parameter besides Ai (present in f p ) 
is not mandatory for a consistent behavior of the singlet couplings under renormal- 
ization. However, higher excited pseudoscalar states or glueballs can be included, in 
principle, but - following the FKS scheme - are assumed to be negligible in Eq. (|79|). 

In the literature the GT relatiorjLin the singlet jianncl is often formulated in a 
different way. Shore and VenezianctH (see also Ref.tlSl) established a two-component 
description of the singlet axial-charge wh ich h as been investigated in a rmjphp r of 
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phenomenological applications (e.g. Refs.ESO; see, however, also Refs 
this picture, the singlet GT relation is modified by an additional direct coupling 
of the Veneziano-ghost (more precisely the operator GG) to the nucleon (gQ NN )- 
Neglecting 77-77' mixing for the moment, this yields 



2m N G A — fg n 'NN-\ ^=- 



f 2 K9GNN 



(80) 



It is to be stressed that the quantity / does not coincide with the decay constant Jo- 
lt is defined via the pseudoscalar singlet current in such a way that it would coincide 
with f n if the U(1)a anomaly were turned off, and it is scale-independent. The cor- 
rect behavior of G A under renormalization requires a non-trivial scale-dependence 
of the coupling g^ NN - It has also been shown in the analyses of Shore and Veneziano 
that the singlet axial charge ao can be written as the product of the first moment of 
the topological susceptibility and the vertex function of the would-be singlet Gold- 
stone boson 770. Let me investigate the phenomenological consequences of the two 
alternatives (|7|) and (|S0|), respectively. 

Making use of the GT relation ([79]) and inserting the phenomenological values 
for the meson decay constants ([55]) , one finds the following connection between axial 
charges and pseudoscalar coupling constants of the nucleon 



(81) 



a 3 = V2G A 




1.267 ±0.004 






i 


F/D ] 




a 8 = V6G A 




0.58 ±0.03 


> J 9r)NN 




i 


SMC 


I g v 'NN 


a = V3G° A 




0.28 ±0.17 





The errors take into account the uncertainties w.r.t. the axial charges and the meson 
decay constants. This may be compared to the SU(3)f symmetry prediction]!!! 
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9ri s NN — 9-kNN (3 — 4a)/i/3 ~ 3.4 with a — D/(D + F) — 0.635. The value of g n NN 
in Eq. already saturates thehound obtained from the analysis of NN forward- 
scattering data by Kroll/GreinjEl g v ( V ')NN < 3.5. In this case, one would expect 
g-q'NN to be close to zero which is in accord with the value quoted in Eq. (|8l|). 
Recently, from a measurement of rf production in proton-proton collisions close 
to threshold at COSYE23 the bound g-q'NN < 2.5 has been deduced. On the other 
hand, fits of NN data using potential models occasionally lead to significantly larger 
values for g V NN and g n 'NN (see Dumbrajs et alJ_3 and references therein). 

It is illustrative to rewrite the solution for the pseudoscalar couplings of the 
nucleon from Eqs. (79) and ( |77|) as follows, 



g^NN _ J_ Am - Ad 

QnNN cos0 Au + Ad sin0 a s V% sin 6*§ 

As + — Ag ■ 



2m N f q fa 2vr 3 f Q cos[6> 8 - 9 ] ' 

g v 'NN _ sin^ Au + Ad cos(p _ ^ V3 cos 9 & , . 

2mAr ~ /, ^2 /, S 2vr ff / cos[0 8 - 9 ] ' 1 j 

where I have used the FKS scheme to express the decay constants in terms of 
the mixing parameters. The first terms on the r.h.s. in Eq. ([82] ) are the quark 
contributions which have the form of the standard GT relation. The ratio of the 
additional gluon contribution to g n i n n and g V N n is given by — cot 9s , the same 
ratio as e.g. found in the ratio of J/tjj — » P7 decay amplitudes. In the picture based 
on the GT relation (|79| ) the effect of Ag is thus to reduce both, the singlet axial 
charge ao and the pseudoscalar coupling g^i jy n compared to their nonet symmetry 
values. 

In case of the GT relation (p0[) one usually assumes that the coupling g v > 
is related to the polarized quark distributions and gQ NN to the polarized gluon 
distribution, respectively.' 1 This results in a similar representation as in Eq. ( |Sl| ) 
but without the Ag contributions and f q , f s replaced by /. If one assumes / ~ /„■, 
the extracted value for g n >NN in this picture comes out larger and close to its 
nonet symmetry value. For example, ChengEa obtained g-q'NN — 4-7 which happens 
to he.^ closer to the value obtained in potential models but violates the bounds of 
Ref.E3 The answer to the spin puzzle on the basis of the GT relation (^0|) remains 
unchanged, namely that a is small due to the additional nucleon-ghost coupling 
which is related to Ag. 

In summary, both alternatives ( |79| ) and ( |S0| ) give a consistent description of the 
axial charges of the nucleon, but with significantly different values of the coupling 
constant g v > nn ■ In any case, the GT relations rely on the PCAC hypothesis. The 
corresponding uncertainties are on similar footing as the ones for the chiral anomaly 



''This is to be confronted with Eq. JT9| ) where the contribution from the Veneziano ghost is present 
in Aq and Ag, separately, but is assumed to cancel in the sum for the scheme-independent quantity 
GO. 
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prediction of the P — > 77 decay widths, and the same attention concerning correc- 
tions is to be paid, see the comments after Eq. (|3S|). 

3.12. Summary 0/77-77' mixing parameters 

77-77' mixing can be described by different mixing angles. Let me briefly summa- 
rize their definition, their determination from experiment and their relations among 
each other: 

$8 and 6q: These mixing parameters are defined as the ratio of the octet and singlet 
decay constants of r\ and 77' mesons through axial- vector currents (|l5|). The 
decay constants enter the decays P — > 77, see Eq. ([39]), as well as the P7 
transition form factors at large momentum transfer, see Eq. (|49|). They also 
connect the bare fields in the chiral effective Lagrangian with the physical 
ones (|l7|). Furthermore, the angle 9s enters the (improved) Gell-Mann-Okubo 
formula (|6^). 

9 y : This angle measures the ratio of matrix elements of the topological charge 
density uo with 77 and 77' mesons. It can easily be extracted from the radiative 
J/tfj decays (|63[). 

4>: Up to OZI-rule violating corrections of order 1/N C , this is the universal mixing 
angle that parametrizes ratios of matrix elements of quark currents with light 
{u,d) or strange quarks in the FKS scheme, see Eqs. (|32|) and (|54|). There 
are several reactions where this angle can be probed, see Table ||. It can also 
be estimated from the diagonalization of the mass matrix in the quark-flavor 
basis (frf). 

From a combined expansion in small momenta and masses and in powers of 1/Nq 
in the framework of x?T one obtains the relation (|o|) which predicts the difference 
between the angles 9s and 6q. In the FKS scheme an analysis of the anomaly 
equation provides another important relation (|6^ ) which connects the three angles 
9 y , 9s and cf> in the limit m u ,md — > 0. The ind ependen t determination of the 
mixing parameters from phenomenology and theorytSE-ffia supports the validity of 
Eqs. ( pp| ) and ( |6^ ) and the internal consistency of the mixing approach. 

The reader may wonder why I have not discussed the value of the mixing angle 
9p between octet and singlet states. I stress again that the correct representation 
of the physical fields 77 and 77' in terms of bare octet and singlet fields is given by 
Eq. ( |l7| ) which cannot be written as a simple rotation, once the next-to-leading 
order in the chiral effective Lagrangian (|l^) is taken into account. Thus the usage 
of 9p is restricted to the leading order Lagrangian ([l2]) which gives only a poor 
approximation to the real world. Nevertheless, one can define approximate octet 
and singlet fields by requiring a simple connection with the physical fields via a 
rotation matrix U(9p). Let me for illustration make the conventional choice 



9p :— <p — arctan V2 



(83) 
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The mixing angles 6*8 and Oq can then be expanded as 

V2 



78,0 



pT V (l-y) + 0(l-y) l . (84) 



Thus, in principle, all the results can alternatively be written in terms of a single 
(approximate) octet-singlet mixing angle Op ~ (8 8 + 0q)/2 and explicit SU(3)f 
symmetry corrections proportional to (1 — y). Such a procedure has been suggested 
by Benayoun et al.E3 In that approach the transition from pure (bare) octet and 
singlet fields to the physical ones is accomplished by a non-diagonal matrix which 
results from a renormalization of the meson fields in an effective Lagrangian and 
yields an analogous relation to Eq. (|T^). 

The effective octet and sir 
following Fock state expansion 



\m) 



let states denned implicitly via Eq. (|83|) have the 

i 

# 9 + 2 * s \uu + dd- 2ss) V2 (* 9 - * s ) \uu + dd + ss) 



3 V6 3 V3 

\m) = 



\f2 - * s ) \uu + dd - 2ss) 2^ q + ^ s \uu + dd 



V6 3 V3 



(85) 



which is to be confronted with Eq. (p6j). 

In any case, the value of Op alone is not sufficient to describe 77-77' mixing. Since 
the angles 0g, Oq, y and </> can be obtained by simple ratios of 77 and 77' observablcs 
and obey the useful relation (|6^ ) I prefer to present the results in terms of these 
angles. 



4. Mixing with other states 



4.1. Mixing in the 7r°-7/-7/ system 

In the real world isospin is not an exact symmetry, and thus 7r° is to be viewed as 
a mixture of pure isospin-triplet and -singlet components. Of course, the magnitude 
of isospin-symmetry violation which is due to the differences in the masses of up- 
and down-quarks is small, and we should not expect the same order of accuracy 
for phenomenological predictions as in the 77-77' case. Furthermore, the comparison 
with experimental data is more difficult due to the interference with isospin-violating 
effects from the electromagnetic charges which can be important, too. 

Nevertheless, it is a straightforward task to generalize the results of Section 3 
and consider mixing in the Tp-r\-r[ system. As already mentioned, the deviations 
of 7T° from a pure isospin-triplet (which I denote as ^3) are small and the related 
mixing angles, e and e', can be treated as an expansion parameter. Moreover, a 
possible difference in basic decay constants for up- and down-quark states should 
be negligible. Therefore I consider 



= |^ 3 > + £ It?) + e' \ V ') 



(86) 
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where e and e' parametrize the ry and 77' admixtures in the pion. The mixing 
parameters e and e 1 receive contributions from the U(1)a anomaly very similarly as 
the mixing angles in the 77-77' sub-system. An analysis within the FKS scheme leads 
to the following estimate, 



2 2 

dd ~ m uu J _ • 1 " L dd 



— 2 (M* - M2) ' £ ' Shl 2 (M£ - M|) ' (87) 

where the difference m 2 ,^ — m uu is defined in an analogous way as in Eq. (|7^) and 
can be estimated from 2(M^ a - M'^± + M%± - M^ ) to amount to 0.0104 GeV 2 . In 
the latter formula, the specific combination of meson masses guarantees, that the 
leading order contributions from electromagnetic self-energy corrections drop out. 
Inserting the phenomenological number for the mixing angle <j> (|35|), one obtains 
e = 0.014 and e' = 0.0037. Similar values have been obtained by Chao et al£2j 
The values of e and e' a re needed for instance, for the description of the decay 



7/ — > 37r (see e.g. Ref.cHj). GardnerE£3 has recently emphasized the importance of 
7r °" r 7" 7 / mixing in connection with the determination of the CKM-matrix elements 
via unitarity triangles from B decays into light pseudoscalar mesons. 

It is instructive to consider the ratio e'/e and to express it in the following way, 
using Eq. @, 



6 



2 



— = — tan #8 tan 
e 

This formula would_cpincide with the result obtained earlier in the conventional 



octet-singlet schemetSj if one identified 6$ — > Op — <fi — arctan\/2- However, as we 
learned, this relation is significantly spoiled by the SU (3)f corrections arising from 
fq/f s 7^ 1, which are also relevant in Eq. (|S8|). 

It is also possible to estimate the matrix elements of the pion with the topological 
charge density in the anomaly equation (^), 

(OMtt ) = e(OM77)+e'(OM7/) 

' ~ m ™ (0M»j> , (89) 



cos 4> 2 A/ 2 



where I have used Eq. (|6^), and M 2 has been neglected compared to Af 2 for simplic- 
ity. The ratiQ_(p|w|7r )/(0|w|?7) has also been derived in a leading order approach 



by LeutwylercHj. In that work 77-77' mixing has been neglected completely. This 
corresponds to taking cos0 ~ cos arctan y/2 = l/\/3 and M 2 ~ 4/3M|- ~ 4/3m s B 
in Eq. (|8^), which results in 

^ _ (0|^|7T°) ^ 3^3 m d - m u 

(OM77) ~ 4 m s [ ' 



This ratio is frequently discusseclliil3t__l in connection with a determination of light 



quark mass ratios from the decays ip' — > J/ip ir° and ip' —> J /ip 77, which are assumed 
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to be dominated by the gluonic matrix elements in a similar way as the radiative 
J/ip decays discussed around Eq. ( |63| ) 

r[v>' -> J/V"7] " 11 ^ ' 1 ; 

Taking the experimental result for the decay widthi, one obtains r = 0.043 ± 0.006 
from which Donoghue and WylerE£3 obtain an estimate for the quark mass ratio 
{rrid — m u )/m s = 0.036 ± 0.009. Leutwyler,E££l on the other hand, estimated the 
quark mass ratio from other processes, (rrid — m u )/m s = 0.025, and predicted 
r = 0.032. Jbrmula (jS9|) leads to an even smaller result r — 0.022. One has 



to conclude!!^ that some (higher-order or electro-magnetic) corrections to either 



Eq. ( |S9"| ) or the decay mechanism for tp' — > J/t/j tt° are still not under control. 
4.2. Heavy quark admixtures in light pseudoscalar mesons 



Initiated by the CLEO measurementliHj of an unexpectedly large branching frac- 



tion of B — > Kr)', the subject of heavy quark components in light pseudoscalar 
mesons has recently regained interest. Early investigations of this subject al- 
ready date back to 1976/77, when Kramer et al.fca and independently Fritzsch and 
JacksonE-0 discussed mixing of light and heavy pseudoscalar mesons in the context 
of radiative J/ip decays. A rather exhaustive phenomenological analysis of t he 
mixing parameters in the r\-v(-r\ c system has also been performed by ChaoJ123 In 
all rather small admixture of heavy quarks in light pseudoscalar me sons 

has been infe rred - On the other hand, more recently, Halperin/Zhitnitskyt2j and 
Cheng/Tsengti2l proposed a prominent intrinsic charm component in 77' to explain 
the B — > Kr/' decay width. Their res ults have been criticized for both theoretical 
and phenomenological reasons ESEj'ErlLill Also, it has been realized that a modifi- 
cation of the effective parameters in the factorization approach combined with a 
variation of the B — > ?/ form factor and the usage of the improved 77-77' mixing 
parameters (]35| ) can easily increase the theoretical nrediction for BR[B — > Krj'] by 
a factor 2 to 3, see the recent report of Cheng et aLEil and references therein. This 
means that a large intrinsic charm component in rj is not really needed to explain 
the data. 

Let me present the theoretical arguments in favor of a small charm admixture 
in j] and 77'. In the FKS scheme the analysis of the anomaly equation ((7J) can easily 
be extended to the charmed axial-vector current 

3' i C7 M 75 c = 2m c c 175 c + 2 uj . (92) 

In the following it is convenient to treat 1 / m c as a small parameter and expand all 
quantities to first non-trivial order in this parameter. Taking matrix element with 



1 Note that e 4 and (m d — m u )/m s are both of the order of a few percent only; thus a contribution to 
tp' — > J/tpTT via two photons may be of similar size as the isospin-suppressed gluonic mechanism. 
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light pseudoscalar mesons, P = 77, r/, one obtains 

M 2 p f c p = h c p + A P 



T T T (93) 

0{\/ml) 0(1) 0(1) 



where the notation of Section 3, see Eqs. (|53J) and Q5q), has been generalized to 
include three independent flavor combinations i = q,s, c. From Eq. (^3|) one imme- 
diately obtains an estimate for the parameters hp which provides a measure for the 
cc admixture in r\ or if 

hp = -A P (l + 0(l/m 2 c )) . (94) 

In particular, Eq. ( |62| ) fixes the ratio h^/h^ = A^/A^ = — cot 9$. It is the same 
quantity that enters the_catio of radiative J/ip decays (|63|). Thus the anomaly 
picture of Novikov et al.E3, see Eq. (|6^) and the intrinsic charm picture give an 
equivalent description of these decays. It is convenient to parametrize the quantities 
hp as follows 

h° = -6 c sm6 8 f nc Ml , 

h%, = 9 C cos 6 8 f Vc Ml . (95) 

Taking the values of Ap quoted in Eq. ( |64| ) and / I?c ~ /,//* = 410 MeV, one 
estimates 8 C ~ —1.0°. This number is reasonably small, and it can be tested by 
comparing the radiative J/ip decays to, say, 77' or rj c mesons 

TW - - 2 cos^ 8 f^l) 3 . (96) 



T[J/iP^ri cl ] c a \k 



The experimental number for this ratio, 0.33 ± O.lOjil corresponds to |0 c cos0s| = 
0.014 ± 0.002, which is in good agr eement with the theoretical estimate (FKS: 
6 C cos 6s = —0.016). Chao et al.E£j argue that also higher excitations of the r\ c 
meson (e.g. the t}' c ) should be taken into account. In order to quantify the effect a 
certain hierarchy of the related mixing angles has to be assumed. In total it leads 
to a slightly smaller value for the mixing angle 9 C which is still compatible with the 
radiative J/ip decays, (Chao: 9 c cos9g = —0.012). 

There is another parameter which can be used to quantify the charm component 
of a light pseudoscalar, namely the decay constant fp. However, we observe that it 
enters Eq. ( p3| ) only at sub- leading order in the l/m c expansion, which makes its 
determination non-trivial. A simple way out is to assume Ihe same mixing behavior 
as it has been proven successful in the light meson sector .l3 Following Eq. (|54|), one 
defines an extended mixing matrix via 

cos <j) — sin <j) 

sin (f> cos 4> 

. sin(0 — 9 y ) —9 C cos(0 — 9 y ) 

U(<j>,9 y ,9 c ) I \ Vs ) (97) 
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with 1 77°) = ^ c {x, kj_) |cc) + . . . having no light quark valence components. The 
ansatz {/],} = E7(<£, 0j„ 9 C ) diag[/ g , f s , f Vc ] and {h l P } = U(<(>,6 y ,6 c ) dia,g[h q ,h s ,h c ] 
with /i c = f Ve M^ e yields 

f° =-6 c sin0 8 /„ c ~-2.4MeV, 

/5 = C cos 8 /„„ ~ -6.3 McV . (98) 



From Eq. ( |97| ) one can also read off the light quark admixtures in the r\ c meson: 
1.5% of i] q and 0.8% of rj s . A similar descri ptio n of f]-vl-r\ c mixing which leads to 
comparable results has been given by PetrovJlii 

Anot her estimate of the charm decay constant of 77' has been suggested by Franz 
et alEid who integrate out the heavy quarks from the QCD Lagrangian to obtain 
an approximative operator relation between the heavy quark axial-vector current 
and the topological charge density which is valid at low scales to leading order in 
1/m^. Their final result for the decay constants fp reads 

1 

12m? 



fp = -7KZ^ A P- (99) 



This result is equivalent to a perturbative computation of the cc triangle graph 
performed by Ali et al.E3 The so-obtained values for fp are exactly a factor of three 
smaller than the ones presented in Eq. (|98|). The explanation for this discrepancy 
is not yet clear. Either the ansatz ( |9^ ) is too naive or the perturbative calculation 
of fp receives additional non-perturbative contribution which may emerge from cc 
modes in the 77' state itself. 

In any case, the charm component inside the 77 or 77' turns out to be rather small, 
and obviously it is not the dominant contribution to the B — > 77' K decay via the 
elementary weak process b — ► sec. The values in Eq. ( p8| ) also lie comfortably within 
the phenomenological bounds, obtained from the consideration of the 777 and 77^ 
transition form factors (see Ref.@ for details), — 65MeV < fZ < 15MeV. 

The mixing with the even heavier bottomonium states is obtained by scaling 
Eq. (|9^) with the quarkonium masses and decay constants, and turns out to be tiny 

o b = e c % J ,C ~-o.o6° . (100) 

Nevertheless, the small admixture of bb in r\ and 77' can provide the leading contri- 
bution to the radiative T decays in full analogy to Eqs. (|6^) and (|96|), and the ratio 
for the decay widths of i?(T) = T[T -j>_J7'7]/r[T — > 777] is again given in terms of 
9 y only, and its value can be predictedEII to amount to 6.5. 

One can also combine the results from Section 4.1 about ■K- r q-r] 1 mixing with 
f]-f]'-f]c mixing. Let me define (cf. Eq. (|86|)) 

k°) = ks) + e q \r) q ) + e s \ Vs ) + e c |r? c ) . (101) 

Since both, — m u and l/77i^ are small expansion parameters, one can combine 
Eqs. ( |S6"| ) and ( |97| ) and simply obtains 

e c = e {-6 C sin 9 y ) +e'(6 c cos y ) ~ -1.5 ■ 10~ 4 (102) 
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which is compatible with the value found by Chao et alJ123 but probably too small 
to be of phenomenological relevance. 

4.3. Mixing with pseudoscalar glueballs and/or higher excitations 

In QCD color singlet combinations of only gluon fields may_.appear as hadronic 
bound states (glueballs). Lattice calculations, see e.g. Ref.tij, indeed find some 
indications for glueballs with masses of a few GeV, and alsa^nic experimental 
candidates are heavily discussed in the literature, see e.g. RefsJj'LaO and references 
therein. In particular, pseudoscalar glueballs with masses of 2 GeV 
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expected from QCD sum rules and lattice calculations, see e.g. RefsJ ti i On the 
other hand the pseudoscalar state 77(1440) (the former i) is often considered as a 
glucball candidate, too. 

So far, the chiral effective Lagrangian presented in Section 3.1 has been the basis 
of my discussion of 77-77' mixing. It does contain neither higher excitations of light 
pseudoscalar quarkonium states nor glueballs as explicit degrees of freedom. How- 
ever, implicitly the possible effect of additional states is encoded in the parameters 
of the effective Lagrangian. Consider, for example, the phenomenological fact that 
the OZI-rule violating coefficients Ai^.3 are small and compatible with zero. From 
this one may deduce that the glueball admixture in the 77 and 77' meson is small, say 
of the order of a few percent, comparable with the mixing in the (f>-uj system. This 
conclusion has been drawn, for instance, by Anisovich et alo from the analysis 
of the rj{j]')^ transition form factors. It is important to understand that such a 
statement does not necessarily mean that there are no pronounced gluonic effects 
in the 77 or 77' meson. Only, as I discussed in Section 2.1, these effects are not to 
be interpreted as admixtures of conventional glueball fields but rather as topolog- 
ical effects, connected to e.g. instantons. Remember, that the ghost states of the 
Veneziano- or Kogut/Susskind-type or the negative metric states a la Weinberg - 
which give rise to a non- vanishing topological susceptibility, the singlet mass shift, 
77-77' mixing itself, an enhanced J/ip — > 7/7 decay width etc. - are not physical. 

Nevertheless, in order to obtain a complete picture of the pseudoscalar sector 
one may, of course, include glueballs and higher states in the mixing scenario, e.g. 
the 77(1295) which is approximately degenerated with the 7r(1300) and thus likely 
to be a radial excitation of an \r) q ) state. In principle, a determination of mixing 
parameters from phenomenological considerations similar to the ones performed in 
the analysis of 77-77' mixing should be possible. This requires the same attention 
concerning the definition of mixing angles, inclusion of 5 , J7(3)f-breaking effects 
etc. In particular, the OZI-rule violating contributions have to be un der con trol. 



Without going into further detail, I refer to the literature (see e.g. Refs.EiSEi3 and 
references therein) where one can find some analyses in simplified schemes of mixing 
between 77 and 77' mesons, glueballs etc. Due to the reasons mentioned above some 
of the conclusions therein have to be taken with care, in particular concerning the 
glueball nature of mesons in the pseudoscalar spectrum. 
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5. Summary 

In the last few years we have achieved a very consistent picture of (strong) 
mixing phenomena in the pseudoscalar meson sector, in particular for 77 and 7/ 
mesons. The main progress, which has been discussed in detail in this review, 
is based on the definition of process-independent mixing parameters that can be 
used in different phenomenological situations and at different energy scales. The 
phenomenological determination of these parameters allows us to understand the 
properties of pseudoscalar mesons in terms of their underlying quark (and eventually 
gluon) structure. An important role is played by the pseudoscalar meson decay 
constants. On the one hand, they connect the bare fields in the chiral low-energy 
Lagrangian to the physical ones ( [Tt| ) . On the other hand, they enter the light-cone 
wave functions of quark- antiquark Fock states in the parton picture. 

For the description of the decay constants in the 77-77' system a universal octet- 
singlet mixing angle 9p has been shown to be not sufficient. The ratios of 77 and 77' 
decay constants with octet or singlet axial vector currents define two independent 
mixing angles 9s and 9q- In chiral perturbation theory the difference between the two 
angles can be expressed in terms of the parameter L5 which in turn is determined 
by the difference of pion and kaon decay constants (pfj|). This implies that the 
connection between bare octet and singlet fields and physical 77 and 77' states is not 
a simple rotation. 

In phenomenological analyses one often docs not measure 9s or 9q directly, but 
rather extract particular ratios of 77 and 77' matrix elements: First, there are pro- 
cesses which are induced by the topological charge density w = ^ GG, like, for 
instance, the radiative J/ip decays into 77 or 77' Ej Matrix elements of uj between the 
vacuum and 77 or 77' fields can be used to define another mixing angle (9 y ). Secondly, 
one considers matrix elements of quark currents with only light (u, d) or only strange 
quarks, respectively, for example in the decays J/tp — * pviv')- A priori, every ratio 
of independent 77 and 77' observables defines an independent observable. In order 
to keep the predictive power of the whole mixing approach one has to apply the 
usual OZI-rule, i.e. contributions from quark-antiquark annihilation arc neglected 
while the effect of topologically non-trivial field configurations (e.g. instantons) is 
kept. These assumptions lead to the FKS scheme where mixing in the quark- flavor 
basis is described by a single mixing angle cf>. Moreover, by exploiting the Ward 
identities, including the U(1)a anomaly, one obtains the important relation ( |62| ) 
which connects the angles 9s, 9 y and <j>. Using these relations instead of the naive 
one, 9p = 4> — arctan y/2, resolves a big part of the inconsistencies which have been 
present in the literature for many years. With the set of mixing parameters (|3^) one 
reproduces an abundance of phenomenological data and fulfills important theoret- 
ical constraints. The uncertainties in the determination of the mixing parameters, 
arising from the experimental errors, is rather small. The systematical error due to 
the neglect of OZI-rule violating contributions is of order 1/Nc- Empirically, the 
comparison of different phenomenological approaches indicates that the value of the 
mixing angle 9q may be rather sensitive to the treatment of 1/Nc corrections. 
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An important test of the mixing approach is provided by the simultaneous con- 
sideration of the decays 77(77') — ► 77 on the basis of the Wess-Zumino-Witten term 
and the 77(77' )7 transition form factors at large momentum transfer in the hard- 
scattering approach. The two-angle parameterization of decay constants turned 
out to be crucial. In this context we have also seen that the light-cone wave func- 
tions of -the quark-antiquark Fock states of 7T, 77 and 77' mesons can not be very 
differentEj£3 which implies that - up to charge factors - the members of the light 
pseudoscalar nonet behave similarly in hard exclusive reactions. 

Moreover, I have considered various mass formulas: The U(\)a mass shift and 
its connection to the topological susceptibility has been determined and compared 
to lattice QCD analyses. An SU (3)f improved Gell-Mann-Okubo formula on the 
basis of Dashen's theorem has been shown to give an estimate of the angle 0$. Also 
the influence of flavor symmetry breaking on Schwinger's mass formula has been 
discussed. The diagonalization of a mass matrix in the FKS schemata turns out to 
lead to_equivalent results as the analysis of anomalous Ward identities performed 
in RefB 

The 77-77' mixing approach has been generalized to include also other states, for 
instance it and/or ?7 C mesons. In particular, I find a reasonably small intrinsic 
charm component in the 77' meson which cannot provide a dominant contribution 
to the decay B — + v(K. Concerning the role of pseudoscalar glueballs and/or higher 
excitations, I have stressed the importance of distinguishing physical glueball fields 
from topological effects related to e.g. instantons. In %PT their effect is encoded in 
the parameters of the effective Lagrangian. With the present amount of data there 
is no signal for a sizeable pseudoscalar glueball admixture in 77 or 77' mesons. 

The question of how to treat gluonic contributions has been shown to be also of 
relevance for the description of the singlet axial charge of the nucleon by means of 
generalized Goldbergcr-Treiman relations with the pseudoscalar coupling constants. 
Saturating the axial charges by the physical 77 and 77' fields only, I obtained values 
for g n NN and g^'NN which are consistent with the bounds from an analysis of N-N 
scattering data on the basis of dispersion relations!! On the other hand, introducing 
an additional contribution of the Veneziano-ghost to the singlet axial charge of the 
nucleon and relating it to Ag leads to a larger value of g„i nn which exceeds the 
bounds in Ref.l3 

The phenomenological values of mixing parameters have been used to fix sev- 
eral matrix elements involving pseudoscalar mesons which may be useful in future 
applications. Of present int erest are, for instance, the decays of B mesons with 77 
or 77' in the final stateEjO Another topic, which has been discussed re cen tly, is 
the electro-production of 7r°, 77 and 77' mesons off nucleons or deuterons.tli Also, 
for the description of charmonium decays into light pseudoscalar mesonsEll a de- 
cent knowledge of the mixing parameters is necessary.EH As I discussed, there are 
more exotic cases, namely couplings of 77 or 77' to Pomerons, Odderons or Z-bosons, 
which in principle may provide a direct determination of the mixing angles $8 and, 
in particular, 9q. The theoretical lessons we learned from the pseudoscalar sector 
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may also be helpful for our understanding of mixing phenomena in other channels 
(scalar mesons, vector mesons, . . . ). 
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